
A SCALE–TENSOR PROOF OF AN ABP ESTIMATE ON STRATIFIED
CARNOT GROUPS

Abstract. We develop a large-p ABP estimate for arbitrary bounded measurable symmetric
horizontal coefficient matrices on a stratified Carnot group. The regularizer is an all-layer, time-
dependent left-invariant diffusion. Its exact tensor lift is renormalized by its finite-dimensional
zero-order moment evolution. The normalized nonhorizontal blocks have zero scale-boundary data
and positive scale damping. Their energies at layer k have constants depending only on smoothing
weights strictly below k. Two integrations by parts pair the remaining fluxes with scalar gradient
dissipation and yield an inverse current- layer smoothing factor. A finite graded parameter
selection, followed by a small choice of q − 1, closes the forward adjoint entropy inequality. The
elliptic maximum estimate follows by resolvent duality, a horizontal quadratic barrier, and smooth
approximation of the coefficients.

1. The result and the role of the new correction

Let g = V1 ⊕ · · · ⊕ Vs be a stratified Lie algebra, r = dim V1, and D =
∑s

j=1 j dim Vj . Fix
orthonormal bases Zj,α of the layers and write Xα = Z1,α. All fields are left invariant. Haar
measure is understood. Let

LAu =
r∑

α,β=1
aαβXαXβu.

Symmetry of A means that this is contraction with the symmetrized horizontal Hessian. A fixed
left-invariant homogeneous distance defines the balls below.

Theorem 1. For every stratified Carnot group G and E ≥ 1, there is a finite p0 = p0(G, E) > 1
with the following property. Let Ω ⊂ BR(g0) be bounded and open. Suppose A : Ω → Symr is Borel
measurable, λI ≤ A ≤ ΛI almost everywhere, and E = Λ/λ. If u ∈ C2(Ω) ∩ C(Ω) and LAu ≥ f
almost everywhere, then, for p0 ≤ p ≤ ∞,

(1.1) sup
Ω

u ≤ b + C(G, E, p)
λ

R2−D/p∥f−1{u>b}∥Lp(Ω), b = sup
∂Ω

u+.

The constants do not involve coefficient derivatives or a modulus of continuity. No lattice or
boundary regularity assumption is required.

The common-flow entropy calculation comes from the supplied kinetic and Heisenberg notes
[1, 2]. The additional mechanism here is to remove the full tensor’s zero-order moment evolution
before estimating its higher blocks. This is different from either discarding the tensor commutator
or requiring the complete regularized tensor to be pointwise elliptic.

Normalize λ = R = 1 until the final section. Initially A is smooth, I ≤ A ≤ EI, and is constant
outside a compact set. Let

(1.2) mt = L∗
Am =

∑
α,β

XαXβ(aαβm), m > 0,

∫
m = 1.

The a priori estimates are uniform over these smooth coefficients. Smooth positive data with
sufficiently rapid polynomial decay can be used initially; Section 8 explains the analytic reduction
and approximation.
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2. The scalar regularizer and the exact entropy rule

Choose a1 = 1 and aj ≥ 1, 2 ≤ j ≤ s, to be fixed before choosing q. Put

(2.1) Ah = 1
2

s∑
j=1

ajhj−1 ∑
α

Z2
j,α, ∂hSh = AhSh, S0 = I.

The evolution is nonautonomous; Sh is not being identified with exp(hAh). It is positive and
preserves mass. It is a convolution regularizer with a smooth positive kernel Kh, with convolution
order fixed by (2.1). Homogeneous scaling gives

(2.2) Kh(g) = h−D/2K1(δh−1/2g),
∫

Kh = 1, ∥Sh∥1→∞ ≤ CGh−D/2.

The last constant can be taken independent of the aj ≥ 1. Indeed, the horizontal Nash inequality
and

d

dh
∥S(h, h0)v∥2

2 = −
∑

j

ajhj−1∥∇jS(h, h0)v∥2
2 ≤ −∥∇HS(h, h0)v∥2

2

give the 1 → 2 bound. Applying the same argument to the reverse-time adjoint evolution gives
2 → ∞; composition gives (2.2). The horizontal Nash inequality follows from the fixed-sub-
Laplacian heat bound by ∥v∥2

2 ≤ h∥∇Hv∥2
2 + Ch−D/2∥v∥2

1 and optimization. Only fixed-operator
heat facts are used here; see [3].

At a fixed physical time, put

ρ = Shm, g = log ρ, q = 1 + ε, 0 < ε ≤ 1
2 , Q(t, h) =

∫
ρq.

For a scalar or vector v, define

Dq(v) =
∑
j,α

ajhj−1
∫

ρq
[2 − q

q
|Zj,αv|2(2.3)

+ qε

2

∣∣∣∣vZj,αg + 2
q

Zj,αv

∣∣∣∣2 ]
.(2.4)

If Uh = AhU + F and v = U/ρ, then

(2.5) d

dh

∫
ρq−2|U |2 = −Dq(v) + 2

∫
ρq−2⟨U, F ⟩.

In addition to Dq(v) ≥ 1
3

∑
ajhj−1 ∫

ρq|Zjv|2, we will repeatedly use the exact second form

(2.6) Dq(v) =
∑
j,α

ajhj−1
∫

ρq
[
|Zj,αv + εvZj,αg|2 + ε(1 − ε)

2 |v|2(Zj,αg)2
]

.

This is why no loss 1/(q − 1) is needed in the source estimates below.
Write

Ij(h) =
∑

α

∫
ρq(Zj,αg)2, Jj =

∫ 1

0
hj−1Ij(h) dh,(2.7)

Lj =
∑

α

∫ 1

0
hjDq(Zj,αg) dh, J∗ =

∑
j

Jj , L =
∑

j

Lj .(2.8)

Then

(2.9) Q(t, 0) − Q(t, 1) = qε

2
∑

j

ajJj .
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3. Uniform scalar estimates and finite parameter selection

All constants in this section are uniform for 1 < q ≤ 3/2.

Lemma 2. Given finitely many polynomials Pk(a1, . . . , ak−1) with nonnegative coefficients, and
δ > 0, the weights can be chosen so that

(3.1) J∗ ≤ 2J1, L ≤ CGJ1,
s∑

k=2
Pk(a<k)Jk ≤ δJ1.

One may impose simultaneously any finite collection of conditions Pk(a<k)/ak ≤ δ. The constant
CG does not depend on the values of the weights selected in this way or on q.

Proof. For U ∈ Vi, V ∈ Vj , write gU = Ug. In the entropy of Uρ, the commutator with ajhj−1V 2/2
has source

−2ajhj−1
∫

ρq(V gU + εgV gU )[U, V ]g + ajhj−1
∫

ρqgU [[U, V ], V ]g.(3.2)

This follows from [U, V 2] = 2V [U, V ] + [[U, V ], V ] and one integration by parts. Use (2.6), multiply
by hi, integrate, and discard the nonnegative upper endpoint. Summing the basis fields gives

(3.3) Li ≤ CG

iJi +
∑

j:i+j≤s

ajJi+j +
∑

j:i+2j≤s

aj

√
JiJi+2j

 .

Represent a basis of Vk by fixed linear combinations of [X, Y ], X ∈ V1, Y ∈ Vk−1. The identity∫
ρq(Zkg)2 =

∑
c

∫
ρq[

(Xg)Y (Zkg) − (Y g)X(Zkg)
]

has no derivative-of-weight remainder. Integrating with weight hk−1 and commuting Y and X to
the right of Zk yields

(3.4) Jk ≤ CG

[√
J1 (Lk−1/ak + J2k−1) +

√
Jk−1 (L1/ak + Jk+1)

]
,

where Jl = 0 for l > s. The weights match exactly: the Zk-dissipation in Lk−1 has scale power
h2k−2, and that in L1 has power hk.

Here is the parameter argument. If J∗ > 0, set zk = Jk/J∗ and ℓ = L/J∗. Using zk ≤ 1 in (3.4)
and descending from k = s gives a finite sum of bounds

(3.5) zk ≤ CG

s∑
r=k

∑
θ∈Θkr

(ℓ/ar)θ, 2−s ≤ θ ≤ 1
2 .

The finite sets Θkr depend only on the step. Equation (3.3), summed in i, gives

ℓ ≤ CG

1 +
∑
j<k

aj(zk + √
zk)

 .

Take a1 = 1 and, for k ≥ 2,

(3.6) ak = MBk−2
.

Choose the integer B sufficiently large compared with 2s and the degrees of all the prescribed
polynomials. Inserting (3.5) gives

ℓ ≤ CG

1 + M−cs
∑
θ∈Θ

ℓθ

 , 0 < θ < 1, cs > 0.

For sufficiently large M , this gives ℓ ≤ CG, independently of M . Then (3.5) gives zk ≤ CGa−cs
k ,

after reducing cs if needed. Since ak = aB
k−1, increasing B first and then M makes all Pk(a<k)zk

and Pk(a<k)/ak as small as prescribed. Also
∑

k≥2 zk ≤ 1/2, so J∗ ≤ 2J1 and L ≤ CGJ1. The
case J∗ = 0 is immediate. For s = 1, there are no higher layers and L1 ≤ J1 directly. □
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This lemma is an existence statement for a separated hierarchy, not a claim that raw gradient
energies have uniform bounds for every arbitrary unordered choice of diffusion weights. Its uniform
constant is what permits subsequent weights to be made larger without restarting the estimates.

4. The exact tensor lift and removal of zero-order moments

Use one index α for the full homogeneous basis and write dα for its degree. For a symmetric
tensor M on g, set

HM =
∑
α,β

ZαZβMαβ, Cα = adZα , CαM = CαM + MCT
α .

A direct expansion gives

(4.1) [Zα, H] = HCα.

Therefore the exact tensor scale generator is

Dten
h = 1

2
∑

α

adαhdα−1(Zα + Cα)2

= Ah +
∑

α

adαhdα−1CαZα + Vh,(4.2)

Vh = 1
2

∑
α

adαhdα−1C2
α.(4.3)

Let AH be the horizontal embedding of A, and solve

Nh = Dten
h N, N(0) = mAH .

Equation (4.1) implies

(4.4) AhH = HDten
h , ShH(mAH) = HN, ρt = HN.

There is no residual commutator in the physical equation.
Define a finite-dimensional moment evolution

(4.5) M′
h = VhMh, M0 = I, N̂ = M−1

h N.

Each Cα raises degree, so Mh and M−1
h are finite polynomials in h and the weights. This removes

the zero-order forcing:

(4.6) N̂h = AhN̂ +
∑

α

adαhdα−1M−1
h CαMhZαN̂ .

The moment map preserves the positive-semidefinite cone. Indeed,

eτC2
α/2M = E

[
e

√
τ ξCαMe

√
τ ξCT

α
]
, ξ ∼ N(0, 1),

and products and time limits preserve this property. Put

Dgr
h = diag(h(dα−1)/2).

For horizontal input MH ,

(4.7) Mh(MH) = Dgr
h M1(MH)Dgr

h .

The Vk × Vk block of M1(IH) is bounded by a polynomial in a1, . . . , ak−1. Its horizontal block is
exactly Ir.
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5. The layerwise tensor energy with strict weight independence

For an unordered tensor block α = (i, k), i ≤ k, put

nα = i + k − 2, Bα = h−nα/2N̂ik/ρ.

The horizontal block is

B0 = B11 = Sh(Am)/ρ, I ≤ B0 ≤ EI.

It has the exact common-flow estimate

(5.1) F0(h) =
∫

ρq|B0|2, F ′
0 = −Dq(B0),

∫ 1

0
Dq(B0) dh ≤ rE2Q(t, 0).

Order the remaining blocks by increasing total degree, refining ties in any way. In (4.6), a
source into Bα has the form

(5.2) cαβj(a<k) hj/2−1(
ZjBβ + BβZjg

)
, nβ < nα, max β ≤ k, j < k.

The coefficients are fixed linear maps and polynomials in weights strictly below k. To verify the
power of h, a conjugated term with degree increment nα − nβ has, before normalization, coefficient
h(nα−nβ+j)/2−1. Normalization leaves hj/2−1. The restriction j < k follows because adZj raises a
nonzero input index by j, so its output index is at least j + 1. The same argument applies to
every factor in the moment maps.

In addition to the scalar quotient generator, Bα has the drift −nαBα/(2h). Set Fα =
∫

ρq|Bα|2.
Its exact energy identity is

(5.3) F ′
α + Dq(Bα) + nα

h
Fα = 2

∑
β,j

hj/2−1
∫

ρq⟨Bα, cαβj(ZjBβ + BβZjg)⟩.

The normalized nonhorizontal blocks have zero boundary value at h = 0 for smooth data: the
moment forcing has been removed, and each remaining source has at least one spatial derivative
and an additional positive power hj/2 after time integration. Thus Fα(0) = 0.

Lemma 3. For every α = (i, k) ̸= (1, 1) there is a polynomial Kα(a1, . . . , ak−1) with nonnegative
coefficients such that

(5.4) Fα(1) +
∫ 1

0

[
Dq(Bα) + h−1Fα

]
dh ≤ Kα(a<k)E2

Q(t, 0) +
∑
j<k

Jj

 .

The constants are independent of ak, . . . , as, of q ∈ (1, 3/2], and of all coefficient derivatives.

Proof. For a nonhorizontal input block β, integrate its source in (5.3) by parts:

(5.5)
∫

ρq⟨Bα, c(ZjBβ + BβZjg)⟩ = −
∫

ρq⟨ZjBα + εBαZjg, cBβ⟩.

Using (2.6) and Young’s inequality, this is bounded, after including 2hj/2−1, by a small part of
Dq(Bα) plus

C∥c∥2a−1
j h−1Fβ.

For the horizontal input block, instead use |B0| ≤
√

rE and the positive damping nαFα/h. Its
source is bounded by a small part of that damping plus

C∥c∥2hj−1
∫

ρq(|ZjB0|2 + rE2|Zjg|2).

Upon integration, (5.1) controls the first term and the second is C∥c∥2rE2Jj . All j occurring
here are below k. Absorb the chosen small parts in (5.3), integrate, and induct in the strictly
increasing total degree. Since aj ≥ 1, inverse aj factors may be bounded by one. Squaring the
finitely many source coefficients and multiplying by previously obtained constants produces a
polynomial only in a<k. This proves (5.4). □
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Define the physical remainder

(5.6) Eh = N − Mh((ρB0)H), Eik = h−(i+k−2)/2(Eh)ik/ρ.

By the polynomial scaling of Mh, each Eik is a finite linear combination of lower normalized blocks.
Thus, enlarging the polynomials,

(5.7)
∫ 1

0

1
h

∫
ρq|Eik|2 dh ≤ Kk(a<k)E2

Q(t, 0) +
∑
j<k

Jj

 .

Again there is no dependence on current or higher weights in Kk.

6. Engel: the correction in explicit coordinates

For [X, Y ] = Z, [X, Z] = W , [Y, Z] = 0, with W central, use

Ah = 1
2(X2 + Y 2) + 1

2a2hZ2 + 1
2a3h2W 2.

Write the full tensor as

N =


H11 H12 u1 v1
H12 H22 u2 v2
u1 u2 z r
v1 v2 r w

 .

Put V1 = (C2
X + C2

Y )/2 and V2 = C2
Z/2. All products of total raising degree at least six vanish.

Hence
Mh = I + hV1 + 1

2h2(V 2
1 + a2V2), M−1

h = I − hV1 + 1
2h2(V 2

1 − a2V2).

The renormalized blocks are

Ĥ = H, û = u,

v̂ = v − h
2 (H12, H22)T , ẑ = z − h tr H,

r̂ = r − 3
2hu2, ŵ = w − h(v2 + z) + 1

4h2(2H11 + 3H22) − 1
2a2h2H11.(6.1)

Normalize û, v̂, ẑ, r̂, ŵ by, respectively,
√

hρ, hρ, hρ, h3/2ρ, h2ρ. The layer-two energy has a constant
independent of both a2, a3; the layer-three energy has a constant depending on a2 but independent
of a3. This is exactly the strict dependency required for choosing the weights.

For horizontal constant input A, the positive deterministic moment tensor is

Mh(AH) =


A11 A12 0 hA12/2
A12 A22 0 hA22/2
0 0 h tr A 0

hA12/2 hA22/2 0 h2(2a2A11 + 2A11 + 3A22)/4

 .

Thus all renormalized nonhorizontal blocks vanish for spatially constant m, A. The nonintegrable
geometric variance in an uncorrected running-scale energy has been removed, not estimated in
absolute value.

7. Physical-time coupling and closure

Put U(t) =
∫ 1

0 Q(t, h) dh. Split the exact physical flux as

ρt = H
(
Mh((ρB0)H)

)
+ HEh.

We now estimate both parts. All parameter choices in this section precede the choice of ε.
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7.1. The positive moment part. In the scaled covector frame ĝj = h(j−1)/2∇jg, put M =
M1((B0)H). Positivity of M1 gives M ≥ 0, M11 = B0 ≥ I, and

Mkk ≤ EPk(a<k)I

for fixed polynomials Pk. Positivity and a block Cauchy–Schwarz estimate give

(7.1) ⟨Mĝ, ĝ⟩ ≥ 1
2 |∇Hg|2 − CGE

∑
k≥2

Pk(a<k)hk−1|∇kg|2.

After one integration by parts, the other term differentiates B0 only. The norm of the fixed linear
map M1, (5.1), and J∗ ≤ 2J1 give

(7.2)

∣∣∣∣∣∣
∫ 1

0

∫
ρq

∑
α,β

ĝα
[
M1((ẐβB0)H)

]
αβ

∣∣∣∣∣∣ ≤ 1
16J1 + CaQ(t, 0),

where Ẑβ = h(dβ−1)/2Zβ and Ca is finite and independent of q and coefficient derivatives. Depen-
dence of Ca on all weights is harmless: it multiplies qεQ(t, 0), and ε is chosen last. Lemma 2
makes the higher-layer sum in (7.1) at most J1/16.

7.2. The corrected tensor remainder. This is where two integrations by parts, rather than a
pointwise tensor bound, are decisive. For a block with degrees i ≤ k, its contribution to Qt is a
finite sum of terms

(7.3) qε

∫
ρqh(i+k−2)/2Eik

(
Zk(Zig) + ε(Zkg)(Zig)

)
,

plus terms with [Zi, Zk]g. Indeed, interchange the two derivatives in the symmetrized Hessian so
that the higher-layer derivative is outside; the resulting bracket has degree i + k.

Let Eik =
∫ 1

0 h−1 ∫
ρq|Eik|2 dh. Equation (2.6) and Cauchy–Schwarz in space and scale give

(7.4)
∣∣∣∣∫ 1

0
the (i, k) remainder in Qt dh

∣∣∣∣ ≤ CGqε
√
Eik

(√
Li/ak +

√
Ji+k

)
,

where Ji+k = 0 if i + k > s. The weights are exact: h(i+k−2)/2 = h−1/2h(i+k−1)/2.
Using (5.7) and the scalar lemma, the first part of (7.4) is bounded by

CGqεE
√

Kk(a<k)/ak

√
Q(t, 0) + J1

√
J1.

Make E2Kk(a<k)/ak small. For the bracket terms prescribe in Lemma 2 the finitely many
polynomials

P̃l(a<l) = E2 ∑
i+k=l

Kk(a<k).

Their dependency is strictly lower because k < i + k = l. Choose their weighted sum times Jl

small. The lemma and its simultaneous ratio conditions give one finite choice of weights satisfying
all these requirements. Consequently all remainder terms together are bounded by

(7.5) qε
(

1
16J1 + CaQ(t, 0)

)
,

after enlarging Ca.

7.3. The closed entropy inequality. Combining (7.1)–(7.5) gives

(7.6) U ′(t) ≤ −1
4qεJ1 + CaqεQ(t, 0).

All constants and smoothing weights have already been fixed. From (2.9) and J∗ ≤ 2J1,

Q(t, 0) − Q(t, 1) ≤ qεCgapJ1, Cgap = max
j

aj .

Choose

(7.7) 0 < ε ≤ min
{

1
2 ,

1
D

,
1

12Cgap(1 + Ca)

}
.
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Then

(7.8) U ′(t) + 1
8Cgap

Q(t, 0) ≤ 1
4Cgap

Q(t, 1).

The coefficient error is absorbed only now, by choosing q − 1 small. No smoothing weight was
chosen using a coefficient derivative or 1/(q − 1).

8. Adjoint estimate and the elliptic maximum estimate

By mass preservation and (2.2),

Q(t, h) ≤ Cε
Gh−Dε/2.

Integrate (7.8) on 0 < t < 1, use U(1) ≥ 0, and note that Dε/2 < 1. It follows that

(8.1) ∥P ∗
t m0∥Lq((0,1)×G) ≤ C(G, E, q)∥m0∥1.

This is first proved for smooth A and good positive initial data, uniformly in all coefficient
derivatives, and then for nonnegative L1 initial data by approximation and adjoint L1 contraction.
The same proof holds for every smaller ε > 0 than the fixed choice in (7.7).

8.1. Analytic justification for the smooth calculation. For smooth A equal to I outside a
compact set, the operator LA is a smooth horizontal diffusion satisfying Hörmander’s condition.
Its conservative positive semigroup and smooth solutions are standard smooth-coefficient inputs;
no quantitative constant from such results is used in (7.8). For example, smooth coefficients are
included in the fundamental-solution theory in [4, 5].

Conservativity can also be checked directly: in exponential coordinates the coefficients of the
equation for a coordinate in layer k are polynomials in strictly lower-layer coordinates, multiplied
by bounded entries of A or its square root. The first-layer process has bounded covariance.
Induction in k and stopped moment estimates give finite moments on every finite time interval
and rule out explosion. This argument does not bound a derivative of A.

For the a priori calculation one may take a smooth positive initial density with sufficiently
fast polynomial decay and with its derivatives bounded by an integrable polynomial weight.
Smooth-coefficient kernel bounds and local regularity, or the Duhamel formula against the fixed
sub-Laplacian outside the compact perturbation, justify spatial cutoffs and all integrations by
parts. The scalar and finite triangular tensor scale equations have the same admissible decay. At
h = 0, the renormalized higher blocks tend to zero at a positive power of h for smooth inputs.
Coefficient derivatives are used only qualitatively for these endpoint limits. None enters the
bounds proved before passing to the limits. Initial densities in this class approximate arbitrary
nonnegative L1 data. These whole-group arguments avoid any lattice issue.

8.2. Resolvent duality and comparison. For smooth nonnegative compactly supported a,
duality in (8.1) gives ∥∥∥∥∫ 1

0
Pta dt

∥∥∥∥
∞

≤ C∥a∥p0 , p0 = 1 + 1/ε.

Positivity and L∞ contraction give, by splitting the time integral into unit intervals,

(8.2) v = (1 − LA)−1a =
∫ ∞

0
e−tPta dt ≥ 0, ∥v∥∞ ≤ CR∥a∥p0 , LAv = v − a.

The solution is smooth by smooth hypoellipticity. Let xH denote first-layer coordinates. On B1
choose

b0 = (K − |xH |2)/(2r) > 0.

Then LAb0 = − tr A/r ≤ −1. The usual interior-maximum argument applied to w − τb0 proves
comparison on every open subset of B1, without boundary regularity: at an interior maximum
the full Euclidean gradient vanishes and LA(w − τb0) ≤ 0.
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8.3. Measurable coefficients and the active set. After subtracting the upper boundary value,
fix δ > 0 and Oδ = {u > δ} ⋐ Ω. Choose χ ∈ C∞

c (Ω), 0 ≤ χ ≤ 1, equal to one near Oδ and
supported in {u > δ/2}. Extend and mollify A to obtain smooth Aν equal to I outside a fixed
compact set, with I ≤ Aν ≤ EI and local convergence in every finite Lp. Set aν = χ(−LAν u)+.
Then
(8.3) ∥aν∥p0 ≤ ∥f−1{u>δ/2}∥p0 + o(1).

The error on the fixed compact support is bounded by |Aν − A| |D2,∗
H u|; this tends to zero in Lp0 .

Approximate each continuous compactly supported aν uniformly from above by smooth non-
negative functions supported in a fixed slightly larger compact set. Let v = (1 − LAν )−1a and
M = ∥v∥∞. On Oδ,

LAν (u − δ − v − Mb0) ≥ −a − (v − a) + M ≥ 0,

and the boundary values are nonpositive. Comparison and (8.2) give
sup
Oδ

(u − δ) ≤ (1 + ∥b0∥∞)CR∥a∥p0 .

Pass through the smooth majorant approximation, then ν → ∞, then δ ↓ 0. This proves the
normalized maximum estimate with the active-set indicator. It uses no existence or uniqueness
assertion for a rough-coefficient resolvent or adjoint evolution.

Finally use Φ(g) = g0δRg, Ā = λ−1A ◦ Φ, ū = u ◦ Φ. The forcing rescales as
∥λ−1R2f ◦ Φ∥p = λ−1R2−D/p∥f∥p.

For p ≥ p0, use Hölder’s inequality and |Ω| ≤ CGRD. This proves Theorem 1.

9. Summary of the noncircular dependencies

At tensor layer k, (5.4) and (5.7) depend only on a1, . . . , ak−1. The current weight ak supplies
the denominator in (7.4); higher weights remain available for the bracket term of degree i + k. The
scalar lemma handles any finite list of these strictly lower-dependent polynomials. The coefficients
of Q(t, 0) may depend on all weights, because q − 1 is chosen only after the weights have been
fixed. This separates geometric absorption from coefficient absorption and closes the scale entropy.

The argument uses neither an assumed rough-coefficient Gaussian kernel nor a pointwise full-
rank bound on the transported tensor. The replacement for the kinetic Gaussian is the scalar
all-layer kernel (2.2), its exact tensor lift (4.2), and the finite moment correction (4.5).
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