
THE ELLIPTIC PUCCI CONJECTURE

Abstract. We give a proof of the sharp maximum estimate for uniformly elliptic
operators in nondivergence form with measurable coefficient matrices of trace one. If
d ≥ 3 and A ≥ δI, the estimate from Lp to L∞ holds precisely for

p > max

{
d

2
, d

[
1− (d− 1)δ

]}
.

1. Introduction

A basic question in elliptic theory is how much information on the right-hand side of
an equation is needed to control its solution. For the Laplacian in dimension d ≥ 3, the
singularity of the Newtonian kernel suggests the condition p > d/2. For equations with
merely measurable coefficients, however, the geometry of the coefficient field can create
a stronger concentration. The optimal exponent must therefore reflect both the order of
the equation and its ellipticity.

We consider operators

LAu = A : D2u =
d∑

i,j=1

aij(x) ∂i∂ju (1.1)

on the unit ball B1 ⊂ Rd. Fix 0 < δ < 1/d and let

Kδ = {A ∈ Symd : A ≥ δI, trA = 1},
Λδ = 1− (d− 1)δ, pδ = max{d/2, dΛδ}.

(1.2)

Here Symd denotes the real symmetric d × d matrices. Every matrix in Kδ has all
its eigenvalues in [δ,Λδ]. The trace normalization removes an irrelevant multiplicative
freedom and makes the dependence on ellipticity explicit.

Theorem 1.1 (Sharp integrability threshold). Let d ≥ 3, 0 < δ < 1/d, and 1 ≤ p <∞.
There exists a constant C = C(d, δ, p) such that

∥u∥L∞(B1) ≤ C∥LAu∥Lp(B1) (1.3)

for every measurable A : B1 → Kδ and every

u ∈ C2(B1) ∩ C(B1), u = 0 on ∂B1, LAu ∈ Lp(B1),

if and only if p > pδ.

The constant is uniform over all admissible coefficient fields; no modulus of continuity
of A is involved. Moreover, D2u need not belong to any global Lp space. The word sharp
refers to the range of exponents, not to the numerical value of C.

The two terms in pδ have different meanings. The term d/2 is the potential-theoretic
obstruction already present for the Laplacian. The term dΛδ measures the additional
concentration allowed by anisotropy. As δ decreases to zero, this second term approaches

1



2 THE ELLIPTIC PUCCI CONJECTURE

the classical exponent d; near the isotropic matrix I/d, the threshold d/2 is the decisive
one. Rescaling also gives, on a ball BR and for zero boundary values,

∥u∥L∞(BR) ≤ CR2−d/p∥LAu∥Lp(BR).

Thus the result identifies exactly when an integrable forcing term controls the amplitude
of the solution, uniformly with respect to all measurable coefficient fields.

1.1. Historical background. The modern theory of maximum estimates for rough
coefficients begins with the geometric arguments of Aleksandrov and Bakel’man [1, 5]. In
the classical Aleksandrov–Bakel’man–Pucci estimate, one first controls the gradient image
of a contact set by a Hessian determinant. The arithmetic–geometric mean inequality
then converts the determinant into the elliptic operator, giving an Ld maximum estimate
without continuity of the coefficients. These two steps appear explicitly in Pucci’s paper
[28, §1, Propositions V–VI, pp. 18–19; §2, Lemma and Theorem I, pp. 20–21]. In his
addition in proof, Pucci also acknowledges the earlier work of Aleksandrov and Bakel’man
[28, p. 30].

The question addressed here is stated precisely in [27, §9, Observation II, p. 166],
immediately after inequality (84), which shows failure of the estimate. With Pucci’s
notation m = d and α = δ, his proposed threshold is exactly pδ. The radial counterex-
amples are developed in Theorem XIII, pp. 164–165, and the conjecture is restated in
[28, §4(a), p. 27]. Thus the two restrictions in Theorem 1.1 were already identified in the
original formulation.

Pucci also proved an a priori estimate above this threshold, but in a different norm.
The space Dµ introduced in [27, §7, pp. 160–161] is defined through superpositions of
radial majorants and satisfies ∥f∥Lµ ≤ ∥f∥Dµ ; see equation (71) there. His Theorem XII
in §8, pp. 162–163, bounds the solution by ∥LAu∥Dµ when µ > pδ. This stronger norm
is essential to distinguish that result from the conjectured estimate with the ordinary Lµ

norm.
There is an important contrast with the perturbative theory. The singular-integral

estimates of Calderón and Zygmund [12] control the Hessian of a Newtonian potential
in Lp, while Cordes [13] obtained second-derivative estimates for coefficient matrices
sufficiently close to the isotropic regime. Such estimates give another route to bounds
on solutions, through Sobolev embedding. They do not, by themselves, determine the
optimal integrability threshold for the maximum estimate for an arbitrary fixed ellipticity
class. In particular, the present question concerns control of u, rather than a uniform
estimate for all of D2u.

The regularity theory of Krylov and Safonov [21] showed that measurable coefficients
are compatible with Harnack inequalities and interior Hölder regularity. A different but
closely connected advance was the work of Fabes and Stroock [15], who proved higher
integrability of Green functions. By duality, their estimates improve the maximum
principle from Ld to Lp for p > d − ε, where ε > 0 depends on ellipticity. This is a
qualitative improvement: it does not identify the exact critical exponent. Cabré [9]
further developed the relation between the Aleksandrov–Bakel’man–Pucci estimate and
reverse Hölder inequalities. More recently, Jung and Woo [20] revisited the Fabes–Stroock
method in the presence of drift terms in Ld. Those extensions concern a broader operator
class than the drift-free one considered here.
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These linear estimates also enter fully nonlinear regularity theory. Caffarelli’s interior
theory [10] and Escauriaza’s subsequent W 2,n estimates [14] form a related line of devel-
opment. In particular, Escauriaza used the improvement to right-hand-side integrability
exponents below d in nonlinear estimates. It is useful to distinguish this nonlinear
application from the earlier Green-function and maximum-principle improvement of
Fabes and Stroock.

In two dimensions, the sharp problem admits a special approach through quasiconfor-
mal mappings. Astala’s area-distortion theorem [2] supplied a fundamental tool, and
Astala, Iwaniec, and Martin resolved the planar Pucci problem in [3, Theorem 3.5]. For
the trace-normalized class, the corresponding threshold is 2(1−δ). The argument exploits
structures specific to the plane, and does not directly provide the higher-dimensional
estimate in Theorem 1.1.

A higher-dimensional approach was developed by Kuo and Trudinger [22, Theorem 1.1],
using cones associated with the elementary symmetric functions of the eigenvalues. Their
estimates replace the determinant underlying the classical maximum principle by the
k-Hessian structure. Trudinger subsequently related these cones more explicitly to Pucci’s
problem [31]; see also the quantitative cone inclusion in [32, Section 5]. For the class
(1.2), an integer k satisfying k > dΛδ gives an Lk maximum estimate when k > d/2, and
estimates for every p > d/2 when k ≤ d/2. These results recover important parts of the
conjectured range, but their integer parameter does not in general reach the continuously
varying threshold dΛδ.

The adjoint argument below belongs to another development: integrability created by
combining a differential constraint with positivity. Serre proved a determinant estimate
for symmetric positive semidefinite tensors whose row-wise divergence vanishes [29,
Theorem 2.1]. Its proof uses a Monge–Ampère equation and integration by parts. Guerra,
Raiţă, and Schrecker developed related estimates for higher-order constraints and dual
G̊arding cones [19, Theorem D]. This distinction in the constraint is essential: the adjoint
equation here controls the double divergence, not the row-wise divergence. We use a
scalar shifted-determinant bound for B + tI, t > 0, adapted to that weaker constraint.
The required periodic Monge–Ampère existence result is Li’s [25, Theorem 2.2, p. 248];
see also [11, Theorem 0.2, p. 99].

The three-dimensional argument has a different ancestry. Its piecewise-defined inte-
grand B is the Hilbert-space form of an integrand introduced by Burkholder [8] and
independently studied by Šverák [30]. The broader method based on homogeneous auxil-
iary functions goes back to Burkholder’s sharp martingale inequalities [7]. The passage
from B to homogeneous integrands by integration over scales is recorded explicitly by
Baernstein and Montgomery-Smith [4, equations (1.2a)–(1.2b)]. Guerra’s recent result
[18, Theorem 1.1] establishes a related quasiconvexity statement on symmetric 2 × 2
matrices. That theorem is not used as a substitute for the three-dimensional estimate:
the projection and spectral arguments needed here are given in full.

Finally, the transfer of the estimate for Newtonian potentials with nonnegative sources
to a general elliptic equation uses a variational obstacle problem. This draws on the
classical theory of variational inequalities [26] and the obstacle regularity work of Lewy
and Stampacchia [23, 24]. Frehse’s scalar bounded-second-derivative result [16] is credited
by Brézis and Kinderlehrer [6, p. 831 and reference 5, p. 844], who also prove a nonlinear
extension. Frehse’s subsequent work on systems [17, Theorem and Corollary, p. 424] gives
Morrey-space bounds for second derivatives and, in two dimensions, a Hölder-continuous
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gradient. These conclusions are distinct from the bounded Hessian needed here. In our
whole-space setting, comparison with averages of translates proves the latter directly
under a semiconvexity assumption on the obstacle.

1.2. Organization of the proof. The proof is guided by the two obstructions in the
critical exponent. First, a radial coefficient field reduces the equation to a one-dimensional
problem with effective dimension κ = 1/Λδ. Its Green kernel yields both restrictions on
p and an explicit cutoff sequence yielding logarithmic divergence at the endpoint; see
Section 3.

For sufficiency when p > 2, we pass to the adjoint equation. A positive semidefinite
matrix-valued measure M satisfying a double-divergence equation is shown to have an Lq

density, with q conjugate to the exponent in the maximum estimate. The main ingredient
is a family of homogeneous functions obtained by integrating shifted determinants. Their
positivity on Cδ gives the restriction p > dΛδ, while the singularity of two explicit
correction kernels gives the restriction p > d/2. A representation of point evaluation
by positive measures then supplies the required adjoint matrix-valued measure without
presupposing a Green-function construction. These steps occupy Sections 4–5.

Only dimension three can require exponents below two. There we prove an inequality
for a Newtonian potential with a nonnegative source. An L2 projection onto a convex set
of functions with constrained gradient yields an auxiliary integrand with a nonnegative
Hessian integral. A concavity calculation bounds this integrand in terms of the smallest
Hessian eigenvalue. The coefficient that remains is positive exactly when p > 3Λδ. The
solution of a whole-space obstacle problem concentrates the Laplacian on the contact set
and transfers this estimate to LAu; see Sections 6–7. The final localization step avoids
any assumption on the integrability of the Hessian up to the boundary.
Source material. This paper reorganizes and expands the theorem and proofs recorded
in [33].

2. Notation and localization

For symmetric matrices, M : N = tr(MN) is the Frobenius inner product and

|M | = (M :M)1/2. Matrix inequalities are understood in the sense of quadratic forms.
We use the cone

Cδ = {M ∈ Symd :M ≥ δ(trM)I}. (2.1)

Taking the trace shows that (1− dδ) trM ≥ 0; hence every matrix in this cone is positive
semidefinite. If trM > 0, then M/(trM) ∈ Kδ.

The lower extremal operator associated with Kδ is

Pδ(H) = min
A∈Kδ

A : H = δ trH + (1− dδ)λmin(H). (2.2)

Indeed, write A = δI + (1− dδ)S, where S ≥ 0 and trS = 1, and minimize S : H over
such matrices. This also shows that Pδ is increasing in the matrix order. Formula (2.2)
is Pucci’s trace-normalized lower extremal operator [27, §2, equation (9′), p. 145].

For a matrix-valued measure M , the assertion M ∈ Cδ means that M − δ(trM)I is a
positive semidefinite matrix-valued measure. Its double divergence is the distribution
defined by

⟨Div2M,φ⟩ =
d∑

i,j=1

∫
∂i∂jφdMij .
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The total variation norm of a scalar signed measure is denoted by ∥ν∥M. On a fixed
cubic torus Q, we write

⟨f⟩Q =
1

|Q|

∫
Q
f(x) dx.

Periodic convolutions use Lebesgue measure, without normalization. For a real number
or function, f+ = max{f, 0}.

Lemma 2.1 (Reduction to smooth interior problems). Suppose that for some 1 < r <∞
there is a constant C such that

∥u∥L∞(BR) ≤ ∥u∥L∞(∂BR) + C∥LAu∥Lr(BR), 0 < R < 1, (2.3)

whenever A is smooth and takes values in Kδ, and u is C2 in a neighborhood of BR. If
C is independent of R, A, and u, then (1.3) holds in the class of Theorem 1.1 for every
finite p ≥ r.

Proof. Extend the measurable field A to Rd by setting A = I/d outside B1, and convolve
with nonnegative smooth approximate identities. The resulting fields Aε remain in Kδ,
because this set is closed and convex. They converge almost everywhere to A along a
sequence.

Fix R < 1. The Hessian of u is bounded on BR, and the matrices Aε are uniformly
bounded. Dominated convergence therefore gives

Aε : D
2u −→ A : D2u in Lr(BR).

Passing to the limit in (2.3) proves that estimate for measurable A. As R ↑ 1, the
boundary term tends to zero by the uniform continuity of u on B1 and its zero boundary
values. The interior norms converge monotonically to the norms on B1. Finally,

∥LAu∥Lr(B1) ≤ |B1|1/r−1/p∥LAu∥Lp(B1)

proves the assertion for p ≥ r. □

3. The radial obstruction and the endpoint

The extremal radial example makes the critical exponent transparent. Pucci’s radial
reduction appears in [27, §5, equations (30)–(36), pp. 153–154], and his critical examples
in §9, Theorem XIII, pp. 164–165. We give the complete calculation with a smooth forcing
sequence, so that endpoint failure holds in precisely the solution class of Theorem 1.1.

Set

κ =
1

Λδ
, θ = min{2, κ}; pδ =

d

θ
.

For x ̸= 0, let

A∗(x) = δI + (1− dδ)
x⊗ x

|x|2
, A∗(0) = I/d. (3.1)

This is the coefficient field in [27, §9, equation (86), p. 167]. Its radial eigenvalue is Λδ

and its tangential eigenvalues are δ. Consequently, for u(x) = U(|x|),

LA∗u = ΛδU
′′(r) +

(d− 1)δ

r
U ′(r) = Λδ

(
U ′′(r) +

κ− 1

r
U ′(r)

)
. (3.2)
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Let f ≥ 0 belong to C∞
c ((0, 1)). Define

Uf (r) =
1

Λδ

∫ 1

r
t1−κ

(∫ t

0
sκ−1f(s) ds

)
dt. (3.3)

Since f vanishes near zero, Uf is constant there. Thus uf (x) = Uf (|x|) is smooth on the
closed ball, vanishes on its boundary, and satisfies −LA∗uf = f(|x|), including at the
origin. It is nonnegative and decreasing in r. Fubini’s theorem gives

uf (0) =

∫ 1

0
f(s)W (s)sd−1 ds, W (s) =

1

Λδ
sκ−d

∫ 1

s
t1−κ dt. (3.4)

The three possible behaviors as s ↓ 0 are

W (s) ≍


sκ−d, κ < 2,

s2−d log(1/s), κ = 2,

s2−d, κ > 2.

(3.5)

Here ≍ means that the ratio stays between two positive constants for sufficiently small s.
In particular,

W (s) ≥ c sθ−d, 0 < s < 1/4. (3.6)

For κ ≤ 2, this follows by retaining t ∈ [1/2, 1] in (3.4); for κ ≥ 2, retain t ∈ [s, 2s].
Choose smooth functions 0 ≤ χ, η ≤ 1 such that χ(t) = 0 for t ≤ 1, χ(t) = 1 for t ≥ 2,

η(s) = 1 for s ≤ 1/4, and η(s) = 0 for s ≥ 1/2. For 0 < ε < 1/16, set

fε(s) = s−θχ(s/ε)η(s).

These are admissible smooth forcing terms. Since θpδ = d,

ufε(0) ≥ c

∫ 1/4

2ε

ds

s
≥ c log(1/ε)− C, (3.7)

∥fε(| · |)∥pδLpδ (B1)
≤ |Sd−1|

∫ 1/2

ε

ds

s
≤ C log(1/ε). (3.8)

Because pδ > 1, their ratio diverges. This disproves (1.3) at p = pδ. If the estimate
held at some smaller exponent, Hölder’s inequality on B1 would imply it at pδ, which is
impossible. The necessity in Theorem 1.1 is proved.

Remark 3.1. At κ = 2 the weight has an additional logarithm, but the lower bound (3.6)
already suffices for failure of the strong Lpδ estimate. No assertion about alternative
endpoint spaces is needed here.

4. Shifted determinants and positivity on the cone Cδ
Throughout this section,

σ =
1

d− 1
, β =

d

d− 1
= 1 + σ.

The starting point is a Monge–Ampère duality argument of the type used by Serre [29,
Theorem 2.1 and its proof]. We only assume vanishing double divergence, and therefore
use a scalar bound involving the average trace. The link between higher-order differential
constraints and estimates associated with the dual G̊arding cones is developed in [19,
Theorem D].



THE ELLIPTIC PUCCI CONJECTURE 7

4.1. A periodic determinant inequality. We use the following periodic solvability
statement. If f > 0 is smooth on Q and J = ⟨f⟩Q, then there is a smooth periodic
function φ such that

H = J1/dI +D2φ > 0, detH = f. (4.1)

On the unit torus, this is [25, Theorem 2.2, p. 248], applied with the constant matrix

J1/dI. Its compatibility condition is equation (45) in Li’s Lemma 2.1, p. 247: the integral
of the prescribed determinant must equal the integral of the determinant of the constant
matrix. Here both are J , since the unit torus has volume one. Li’s theorem gives a
smooth periodic solution, unique up to an additive constant, with positive definite shifted
Hessian.

For completeness, if Q = Rd/(ℓZ)d, set f̃(y) = f(ℓy) on the unit torus. Then∫
[0,1]d f̃ dy = ⟨f⟩Q = J . Apply the theorem on the unit torus to obtain φ̃, and define

φ(x) = ℓ2φ̃(x/ℓ). Since D2
xφ(x) = D2

yφ̃(x/ℓ), this gives exactly (4.1), with the average
J rather than the unnormalized integral.

Lemma 4.1 (Scalar shifted-determinant bound). Let B be a smooth periodic positive
semidefinite matrix field satisfying Div2B = 0. Set m = ⟨trB⟩Q/d. For every t > 0,

⟨det(B + tI)σ⟩Q ≤ (t+m)β. (4.2)

Proof. Apply (4.1) with f = det(B + tI)σ and J = ⟨f⟩Q. The matrix arithmetic–
geometric mean inequality gives

f =
(
det(B + tI) detH

)1/d ≤ 1

d
(B + tI) : H.

Indeed, it is enough to apply the scalar inequality to the eigenvalues of (B+ tI)1/2H(B+

tI)1/2. Since φ is periodic, two integrations by parts yield∫
Q
B : D2φdx = ⟨Div2B,φ⟩ = 0,

∫
Q
∆φdx = 0.

After averaging, we obtain J ≤ J1/d(t +m). Dividing by J1/d > 0 and raising to the
power d/(d− 1) proves (4.2). □

4.2. Integration over scales. For β < q < 2 and M ≥ 0, define

Φq(M) =

∫ ∞

0
tq−β−1

[
det(M + tI)σ − tβ − σ(trM)tβ−1

]
dt. (4.3)

The subtractions remove the constant and linear terms at infinity. More precisely, on
bounded sets of matrices,

det(M + tI)σ = tβ + σ(trM)tβ−1 +O(tβ−2) as t→ ∞.

At zero the determinant term is bounded, and the two subtracted terms are integrable
after multiplication by tq−β−1. The conditions q > β and q < 2 are exactly what is
needed for these bounds. Dominated convergence on bounded sets shows that Φq is
continuous. A change of variables gives

Φq(sM) = sqΦq(M) (s ≥ 0), |Φq(M)| ≤ C(d, q)|M |q. (4.4)

The function is not asserted to be nonnegative on the whole cone of positive semidefinite
matrices.
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For b ≥ 0, introduce the scalar integral

Jq(b) =

∫ ∞

0
tq−β−1

[
(t+ b)β − tβ − βbtβ−1

]
dt = cd,qb

q. (4.5)

The last equality follows by scaling, and cd,q = Jq(1) > 0 by strict convexity of s 7→ sβ.
Integrating (4.2) and subtracting the matching affine terms gives∫

Q
Φq(B) dx ≤ |Q|cd,q

(
⟨trB⟩Q

d

)q

. (4.6)

All integrals can first be restricted to a compact interval in t; the bounds just proved
then justify passage to (0,∞) and the exchange of integrals.

Lemma 4.2 (Coercivity on Cδ). Assume

β < q < min

{
2,

dΛδ

dΛδ − 1

}
. (4.7)

There are constants c > 0, c0 > 0, and C <∞, depending only on d, δ, and q, such that

Φq(M) ≥ c(trM)q for M ∈ Cδ, (4.8)

Φq(M + T ) ≥ c0(trM)q − C|T |q for M ∈ Cδ, T ≥ 0. (4.9)

Proof. By homogeneity, first impose trM = 1. Its eigenvalues are at least δ. If two of
them are δ + x and δ + y, with x, y ≥ 0, replacing this pair by δ and δ + x+ y decreases
the product after any shift t ≥ 0, since

(t+ δ + x)(t+ δ + y)− (t+ δ)(t+ δ + x+ y) = xy ≥ 0.

Repeating this operation concentrates all excess above δ in one eigenvalue. Thus,
simultaneously for every t ≥ 0, the determinant is minimized by

M∗ = diag(Λδ, δ, . . . , δ).

Because the subtracted terms in (4.3) depend only on the trace, Φq(M) ≥ Φq(M∗).
For this matrix,

det(M∗ + tI)σ = (t+ δ)(t+ Λδ)
σ = (t+ Λδ)

β + (δ − Λδ)(t+ Λδ)
β−1.

Also σ trM∗ = βΛδ+δ−Λδ. Differentiating (4.5) at b = Λδ > 0, with the same integrable
bounds as above, gives

Φq(M∗) = Jq(Λδ) +
δ − Λδ

β
J ′
q(Λδ)

= cd,qΛ
q−1
δ

[
Λδ +

q

β
(δ − Λδ)

]
. (4.10)

The bracket is positive precisely when

q <
βΛδ

Λδ − δ
=

dΛδ

dΛδ − 1
.

This proves (4.8), including M = 0 by continuity.
To obtain (4.9), use uniform continuity of Φq on a compact neighborhood of {M ∈

Cδ : trM = 1}. There is ε0 > 0 such that the lower bound remains at least c/2 whenever
|T | ≤ ε0 and T ≥ 0. Scaling proves the desired lower bound when |T | ≤ ε0 trM . In
the complementary case, (4.4) and |M | ≤ trM < |T |/ε0 give Φq(M + T ) ≥ −C|T |q.
Enlarging C absorbs c0(trM)q. The case M = 0 follows directly from (4.4). □
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5. Positive semidefinite corrections and adjoint measures

We now convert the integral inequality of Section 4 into a maximum estimate. The
first step removes a prescribed double divergence by adding a positive semidefinite tensor.
The second step uses the maximum principle for the elliptic operator to construct the
adjoint matrix-valued measure to which this estimate applies.

5.1. Two positive semidefinite tensor kernels. Let ωd = |Sd−1| and, for x ̸= 0,
define

J−(x) =
|x|2−d

(d− 2)ωd
I, J+(x) =

x⊗ x

ωd|x|d
. (5.1)

Both are positive semidefinite and have size at most Cd|x|2−d. In distributions on Rd,

Div2 J− = −δ0, Div2 J+ = δ0. (5.2)

The first identity is the fundamental-solution identity for the Laplacian. For the second,
differentiation away from the origin gives

Div J+(x) =
x

ωd|x|d
.

There is no extra distribution at this first differentiation: the boundary term on a sphere
of radius r is O(r). The vector field on the right has flux one across every such sphere
and zero divergence away from zero, so its distributional divergence is δ0. This proves
both signs in (5.2).

Lemma 5.1 (Positive semidefinite correction on a torus). Let ν be a finite signed measure
on Q with ν(Q) = 0. If

1 < q <
d

d− 2
, (5.3)

there exists a positive semidefinite field T ∈ Lq(Q; Symd) such that

Div2 T = −ν, ∥T∥Lq(Q) ≤ C(d, q,Q)∥ν∥M. (5.4)

Proof. Choose a nonnegative smooth cutoff χ, supported in a coordinate ball in Q and
equal to one near the origin. Periodizing the tensors χJ±, we obtain

Div2(χJ±) = ±δ0 + h±, h± ∈ C∞(Q),

∫
Q
h± dx = ∓1.

The errors are smooth because all derivatives of χ are supported away from the singularity.
The identities for their integrals follow by testing a periodic derivative against the constant
function one.

Solve the periodic Poisson equations

∆ψ± = ∓|Q|−1 − h±.

Their right-hand sides have mean zero, so smooth periodic solutions exist, for example by
Fourier series. Choose constants C± large enough that ψ± + C± ≥ 0 everywhere. Then

K± = χJ± + (ψ± + C±)I ≥ 0, Div2K± = ±(δ0 − |Q|−1).

The singularity |x|2−d belongs locally to Lq exactly in the range (5.3); hence K± ∈ Lq(Q).
Write the Jordan decomposition as ν = ν+ − ν− and set

T = K− ∗ ν+ +K+ ∗ ν−.
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This field is positive semidefinite. The constant terms in its double divergence cancel
because ν+(Q) = ν−(Q), and therefore Div2 T = −ν. Finally, Minkowski’s integral
inequality gives

∥T∥Lq(Q) ≤ ∥K−∥Lq(Q)ν
+(Q) + ∥K+∥Lq(Q)ν

−(Q),

which is (5.4). □

5.2. An integrability estimate for cone-valued measures.

Proposition 5.2 (Integrability estimate for cone-valued measures). Assume

d

d− 1
< q < min

{
2,

dΛδ

dΛδ − 1
,

d

d− 2

}
. (5.5)

Let M be a finite matrix-valued measure on Rd, supported in B1 and taking values in Cδ.
If ν = Div2M is a finite signed measure, then

trM = g dx, g ≥ 0, ∥g∥Lq(Rd) ≤ C(d, δ, q)∥ν∥M. (5.6)

Proof. Fix once and for all a cubic torus containing B2 in a coordinate chart, and
periodize M and ν. The support of ν is contained in that of M , and ν(Q) = 0. Choose
a smooth periodic function ζ equal to |x|2 on a neighborhood of B1. Then

2

∫
Q
d(trM) =

∫
Q
ζ dν ≤ ∥ζ∥L∞(Q)∥ν∥M. (5.7)

In particular, the mass of the positive measure trM is controlled by the right-hand side
of its double-divergence equation.

Let V = ∥ν∥M and take T from Lemma 5.1. For a nonnegative smooth periodic
approximate identity ρε, define

Mε = ρε ∗M, Tε = ρε ∗ T, Nε =Mε + Tε.

Convexity preserves Mε ∈ Cδ and Tε ≥ 0. Thus Nε ≥ 0 and Div2Nε = 0. Moreover,

∥Tε∥Lq(Q) ≤ CV, ⟨trNε⟩Q ≤ CV,

where the second bound follows from (5.7) and Hölder’s inequality for Tε.
Apply the perturbed coercivity inequality (4.9) pointwise, and then (4.6) to Nε. This

gives

c0

∫
Q
(trMε)

q dx ≤
∫
Q
Φq(Nε) dx+ C∥Tε∥qLq(Q)

≤ |Q|cd,q
(
⟨trNε⟩Q

d

)q

+ CV q ≤ CV q.

Since q > 1, weak compactness in Lq(Q) yields a subsequential weak limit g. On the
other hand, trMε converges in distributions to trM . Hence trM = g dx, with the
asserted norm bound by weak lower semicontinuity. Positivity passes to the limit. The
density vanishes almost everywhere outside B1, and its zero extension proves (5.6). In
particular, trM gives no mass to ∂B1. □
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5.3. Representation of point evaluation by positive measures.

Theorem 5.3 (Maximum estimates for p > 2). The estimate (1.3) holds whenever

p > max{2, d/2, dΛδ}. (5.8)

Proof. Choose q satisfying (5.5) and let r = q/(q−1). In terms of the conjugate exponent,
(5.5) is exactly

max{2, d/2, dΛδ} < r < d. (5.9)

We prove the interior estimate (2.3) at exponent r.
Fix R < 1, a smooth admissible field A near BR, and a point x ∈ BR. Consider the

real Banach space

X = C(BR)⊕ C(∂BR), ∥(F,G)∥X = max{∥F∥L∞(BR), ∥G∥L∞(∂BR)}.

For C2 functions φ defined near BR, put

T φ = (−LAφ,φ|∂BR
), ℓ(T φ) = φ(x).

The elementary maximum principle makes ℓ well defined on the range of T and positive
there. To see the positivity directly, suppose −LAφ ≥ 0 and φ ≥ 0 on the boundary.
With

bR(y) =
R2 − |y|2

2
, −LAbR = 1,

the function φ + εbR has strictly negative LA and cannot have a negative interior
minimum. Letting ε ↓ 0 gives φ ≥ 0. Applying this to both signs when T φ = 0 also
proves well-definedness.

The range of T contains the order unit e = (1, 1) = T (1 + bR). For every z in that
range, positivity and −∥z∥Xe ≤ z ≤ ∥z∥Xe show that

|ℓ(z)| ≤ ℓ(e)∥z∥X , ∥ℓ∥ = ℓ(e) = 1 + bR(x).

Use the Hahn–Banach theorem to extend ℓ to a functional L ∈ X∗ without increasing
its norm. This extension remains positive. Indeed, if 0 ≤ z ≤ e, then

L(z) = L(e)− L(e− z) ≥ L(e)− ∥L∥∥e− z∥X ≥ 0;

a rescaling treats every z ≥ 0. The Riesz representation theorem therefore gives positive
measures µx on BR and ωx on ∂BR such that

φ(x) = −
∫
BR

LAφdµx +

∫
∂BR

φdωx. (5.10)

Testing with 1 and bR yields

ωx(∂BR) = 1, µx(BR) = bR(x). (5.11)

Extend the matrix-valued measure Mx = Aµx by zero outside BR. It belongs to Cδ,
and (5.10), tested against smooth functions, gives

Div2Mx = ωx − δx, trMx = µx.

We call Mx the adjoint matrix-valued measure; its trace µx is the scalar representing
measure. Since ∥ωx − δx∥M ≤ 2, Proposition 5.2 gives

µx = gx dy, ∥gx∥Lq(Rd) ≤ 2C(d, δ, q).
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This bound is independent of A, R, and x; absolute continuity also removes any possible
boundary mass of µx. Consequently,

u(x) =

∫
∂BR

u dωx −
∫
BR

(LAu)(y)gx(y) dy.

Using (5.11) and Hölder’s inequality proves (2.3) with exponent r. For an arbitrary p
satisfying (5.8), choose r in (5.9) with r < p, and apply Lemma 2.1. □

Remark 5.4. The three upper bounds on q have separate origins. The restriction q < 2
comes from the integral defining Φq, with its constant and linear terms subtracted;
q < dΛδ/(dΛδ − 1) comes from positivity on Cδ; and q < d/(d − 2) comes from the
correction kernels. Passing to the conjugate exponent gives, respectively, r > 2, r > dΛδ,
and r > d/2. This explains both the sharp restrictions and the range left for the next
section.

6. Newtonian estimates for nonnegative sources in dimension three

In this section d = 3, so Λδ = 1− 2δ. We use the sign convention

Γ(x) = − 1

4π|x|
, ∆Γ = δ0.

The additional estimate needed for exponents less than two concerns only Newtonian
potentials with nonnegative sources.

Proposition 6.1 (Newtonian estimate for nonnegative sources). Let 3/2 ≤ s < 2, let
g ≥ 0 be bounded and compactly supported on R3, and let v = Γ ∗ g. Define almost
everywhere

τ = λmax

(
(∆v)I −D2v

)
= g − λmin(D

2v).

Then τ ≥ 0 and

∥τ∥Ls(R3) ≤
2s

3(s− 1)
∥g∥Ls(R3). (6.1)

If, in addition, s > 3Λδ, then

∥g∥Ls(R3) ≤
3(s− 1)

s− 3Λδ
∥
(
Pδ(D

2v)
)
+
∥Ls(R3). (6.2)

Since the smallest eigenvalue is at most one third of the trace, τ ≥ 2g/3 ≥ 0. The
second assertion follows algebraically from the first. Indeed, (2.2) gives

Pδ(D
2v) = Λδg − (1− 3δ)τ. (6.3)

Thus Λδg ≤ (Pδ(D
2v))+ + (1 − 3δ)τ , and the triangle inequality together with (6.1)

yields [
Λδ −

2s(1− 3δ)

3(s− 1)

]
∥g∥Ls(R3) ≤ ∥

(
Pδ(D

2v)
)
+
∥Ls(R3).

The bracket equals (s− 3Λδ)/(3(s− 1)), which proves (6.2). It remains to prove (6.1).
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6.1. The integrand B and an L2 projection. For vectors h, v ∈ R3, put

a0 =
|h+ v|

2
, b0 =

|h− v|
2

,

and define

B(h, v) =

{
h · v, a0 + b0 ≤ 1,

|h+ v| − 1, a0 + b0 > 1.
(6.4)

Under the linear substitution (h, v) 7→ ((h+ v)/2, (h− v)/2), this is the Hilbert-space
form of the piecewise-defined integrand of Burkholder [8]; see also Šverák [30] and the
explicit formulation and historical attribution in [4, Section 1]. We write out the property
required for our differential constraint.

Let

Z(h) =

{
S2 ∪ {h}, |h| ≤ 1,

S2, |h| > 1.

Then

B(h, v) = sup
z∈Z(h)

[
z · v + z · (h− z)

]
. (6.5)

The supremum over the sphere is |h+ v| − 1 = 2a0 − 1. The extra point z = h, when
present, gives h · v = a20 − b20. Their difference is

a20 − b20 − (2a0 − 1) = (1− a0 − b0)(1− a0 + b0).

If |h| ≤ 1, the reverse triangle inequality gives |a0 − b0| ≤ |h| ≤ 1, so the last factor is
nonnegative. This selects exactly the branches in (6.4). If |h| > 1, then a0+ b0 ≥ |h| > 1,
so only the outer branch is relevant. The same calculation shows continuity across the
interface.

Lemma 6.2 (Projection inequality). Let Q be a three-dimensional cubic torus. Suppose
that h = h0 + Dη, where |h0| ≤ 1 and η is smooth and periodic. Let v be a smooth
periodic vector field with zero mean and div v = 0. Then∫

Q
B(h, v) dx ≥ 0. (6.6)

Proof. Consider the subset of L2(Q) given by

C = {ξ ∈W 1,∞(Q) : |h0 +Dξ| ≤ 1 almost everywhere}.

It is nonempty, since constants are admissible, and convex. It is also closed in L2(Q).
Indeed, its members have a common gradient bound |Dξ| ≤ 2. An L2-convergent
sequence has bounded means, and hence uniformly bounded Lipschitz representatives.
Compactness gives a uniformly convergent subsequence; the gradient constraint passes
to the limit by weak convergence of the gradients and convexity of the closed unit ball.

Let ζ be the L2 projection of η onto C , and set

ρ = η − ζ, z = h0 +Dζ.

The projection is characterized by∫
Q
ρ(ξ − ζ) dx ≤ 0 for every ξ ∈ C . (6.7)
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We first show that

z = h or |z| = 1 almost everywhere. (6.8)

Work locally in a coordinate ball and write w(y) = h0 · y + ζ(y). This function is
1-Lipschitz. Suppose that x0 is a differentiability point of w, that ρ(x0) > 0, and that
|Dw(x0)| < 1. Choose α = 1−|Dw(x0)| > 0. For sufficiently small r > 0, the ball Br(x0)
is contained in {ρ > 0} and differentiability gives

w(y) ≥ w(x0)− (1− 3α/4)r when |y − x0| = r.

The cone c(y) = w(x0) + αr/4− |y − x0| lies strictly below w on this sphere and strictly
above it at the center. Replace w by max{w, c} in the ball, leaving it unchanged outside.
This preserves the 1-Lipschitz bound and agrees with w near the boundary of the ball,
so it gives an admissible periodic perturbation of ζ. The perturbation is nonnegative,
nonzero on an open set, and supported where ρ > 0, contradicting (6.7).

When ρ(x0) < 0, the same argument uses the upward cone w(x0)− αr/4 + |y − x0|
and a minimum. It follows that |z| = 1 almost everywhere on {ρ ̸= 0}. On the level
set {ρ = 0}, the gradient of the Lipschitz function ρ is zero almost everywhere. One
can see this at its differentiability points that are also density points of the level set: a
nonzero derivative would leave a cone of positive relative measure on which ρ ̸= 0. Thus
Dη = Dζ there, proving (6.8). In particular, z ∈ Z(h) almost everywhere.

Next, translations of ζ remain admissible. For each coordinate vector ei, insert ζ(·+tei)
and ζ(· − tei) into (6.7). Adding the two inequalities and changing variables gives∫

Q
[ρ(x+ tei)− ρ(x)][ζ(x+ tei)− ζ(x)] dx ≥ 0.

Divide by t2 and let t → 0. Difference quotients converge strongly in L2 because
ρ, ζ ∈W 1,2(Q), and hence ∫

Q
∂iρ ∂iζ dx ≥ 0.

Summing over i and using the zero mean of a periodic gradient, we find∫
Q
z · (h− z) dx =

∫
Q
Dζ ·Dρdx ≥ 0.

Furthermore,
∫
Q z · v dx = 0, by the zero mean and vanishing divergence of v. The

supremum representation (6.5) now proves (6.6). □

6.2. A Hessian integral inequality in three fixed directions. For H ∈ Sym3, set

N (H) = (trH)I −H.

If H = D2φ, then DivN (D2φ) = 0, since mixed derivatives commute. Fix once and for
all an orthonormal basis e1, e2, e3; it does not depend on H or on the spatial point. For
a unit vector e and 1 < s < 2, define

Fs,e(H) =

∫ ∞

0
ts−1

[
B
(
e

2
+
He

t
,
N (H)e

t

)
− trH − e ·He

2t

]
dt,

Fs(H) =
1

3

3∑
j=1

Fs,ej (H).

(6.9)
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This integration over scales follows the principle made explicit in [4, equations (1.2a)–
(1.2b)]. The affine subtraction here is dictated by the background vector e/2.

For t ≥ C|H|, the inner branch of B applies, and the expression in brackets is exactly

(trH)(e ·He)− |He|2

t2
. (6.10)

For 0 < t < C|H|, its absolute value is at most C(1 + |H|/t). Indeed, on the inner
branch both arguments are bounded, while on the outer branch the integrand grows at
most linearly in their lengths. Integrating these bounds shows absolute convergence for
1 < s < 2, continuity in H, and

Fs(aH) = asFs(H) (a ≥ 0), |Fs(H)| ≤ Cs|H|s. (6.11)

For a smooth periodic φ, the first argument in (6.9) is e/2 + D(∂eφ/t) and the
second is a mean-zero divergence-free vector field. The linear term subtracted in that
formula has zero average. Lemma 6.2, followed by Fubini’s theorem, therefore gives∫
Q Fs(D

2φ) dx ≥ 0. Absolute integrability for Fubini follows from the preceding bounds.

By extending a compactly supported smooth function periodically in a sufficiently large
cube, we obtain ∫

R3

Fs(D
2φ) dx ≥ 0 for every φ ∈ C∞

c (R3). (6.12)

The integrand Fs need not be invariant under rotations. Three fixed orthonormal
directions suffice; the spectral upper bound proved next is independent of that choice.

6.3. Reduction to the smallest eigenvalue. We now bound Fs(H) from above when
trH ≥ 0. First assume f = trH > 0. For a unit vector e, write

h = e ·He, k = |He|2,
and denote the bracket in (6.9) by Kt(f, h, k). The sum of the two vector arguments of B
is (1/2 + f/t)e. Thus the inner-branch condition requires t ≥ 2f/3. Once this necessary
inequality holds, squaring the remaining inequality gives

t2 − (f + h)t+ 2(fh− k) ≥ 0.

The inner value of the bracket is (fh− k)/t2, the outer value is (f + h)/(2t)− 1/2, and
their difference is the displayed polynomial divided by 2t2. Consequently,

Kt(f, h, k) =


f + h

2t
− 1

2
, 0 < t < 2f/3,

max

{
fh− k

t2
,
f + h

2t
− 1

2

}
, t ≥ 2f/3.

(6.13)

For fixed f, t, this is a convex function of (h, k): either it is affine or it is the maximum
of two affine functions.

Let λ1, λ2, λ3 be the eigenvalues of H and let u1, u2, u3 be an orthonormal eigenbasis.
Then

(h, k) =
3∑

i=1

(e · ui)2(λi, λ2i ).

Define

Vf (λ) =

∫ ∞

0
ts−1Kt(f, λ, λ

2) dt.
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Convexity of (6.13), followed by integration, gives

Fs,e(H) ≤
3∑

i=1

(e · ui)2Vf (λi).

Summing over the fixed basis e1, e2, e3, for which
∑

j(ej · ui)2 = 1, yields

Fs(H) ≤ 1

3

3∑
i=1

Vf (λi). (6.14)

It remains to understand a scalar function. For h = λ and k = λ2, the quadratic
polynomial determining the branch transition factors as

t2 − (f + λ)t+ 2(fλ− λ2) = (t− (f − λ))(t− 2λ).

Its two roots lie on opposite sides of 2f/3, allowing equality. Hence the actual transition
in (6.13) is

T = max{f − λ, 2λ} > 0.

The outer branch applies on (0, T ) and the inner branch on (T,∞). Direct integration
gives

Vf (λ) = −T
s

2s
+

(f + λ)T s−1

2(s− 1)
+

(fλ− λ2)T s−2

2− s
. (6.15)

In particular, setting Wf = 2(2− s)s(s− 1)Vf , we have

Wf (λ) =

{
2s−1

[
sfλs−1 − (3s− 4)λs

]
, λ ≥ f/3,

2sf(f − λ)s−1 − (3s− 2)(f − λ)s, λ ≤ f/3.
(6.16)

For 3/2 ≤ s < 2, every coefficient multiplying rs−1 or −rs in these formulas is nonnegative.
Both functions of r > 0 are concave. Thus each branch is concave in λ. At λ = f/3 the
values coincide, and the one-sided derivatives of Wf both equal s(2f/3)s−1. Therefore
Vf is concave on the whole real line.

Let λ = λmin(H) and set

τ = f − λ, m =
τ

2
.

The other two eigenvalues have average m, so concavity and (6.14) give

Fs(H) ≤ 1

3

[
Vf (λ) + 2Vf (m)

]
.

Since λ ≤ f/3 and m ≥ f/3, both scalar terms have the same transition T = τ .
Substitution in (6.15) now yields

Fs(H) ≤
τ s−1

[
2sf − 3(s− 1)τ

]
3(2− s)s(s− 1)

. (6.17)

For completeness, the constant, linear, and quadratic numerators in the sum of the
three contributions Vf (λ), Vf (m), and Vf (m) are respectively −3τ s, 4fτ s−1, and (2fτ −
3τ2/2)τ s−2, with the denominators appearing in (6.15). Combining them gives (6.17).
If trH = 0, apply the inequality to H + εI and let ε ↓ 0. Continuity of Fs and of the
eigenvalues proves (6.17) for every matrix with nonnegative trace.
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6.4. Passage to Newtonian potentials.

Proof of (6.1). The Calderón–Zygmund singular-integral estimate [12] gives

D2v ∈ Ls(R3; Sym3), ∆v = g almost everywhere.

Because g is bounded and compactly supported, differentiation of the Newtonian kernel
away from its support gives

v(x) = O(|x|−1), Dv(x) = O(|x|−2), D2v(x) = O(|x|−3) (|x| → ∞).

Choose a smooth cutoff χR equal to one on BR, supported in B2R, with |DjχR| ≤ CjR
−j

for j = 1, 2. The terms DχR ⊗ Dv and vD2χR in D2(χRv) have Ls norm at most

CR3/s−3, which tends to zero since s > 1. The tail of D2v also tends to zero in Ls. Thus

D2(χRv) −→ D2v in Ls(R3).

Mollifying each compactly supported function χRv and choosing a diagonal sequence
produces φj ∈ C∞

c (R3) with D2φj → D2v strongly in Ls.
By continuity and the growth bound (6.11), this implies Fs(D

2φj) → Fs(D
2v) in L1;

a detailed general justification is given in Lemma A.1. Consequently, (6.12) passes to v:∫
R3

Fs(D
2v) dx ≥ 0.

Since trD2v = g ≥ 0, inequality (6.17) applies almost everywhere. Its terms are
integrable: τ ∈ Ls, and gτ s−1 ∈ L1 by Hölder’s inequality. We obtain

3(s− 1)

∫
R3

τ s dx ≤ 2s

∫
R3

gτ s−1 dx ≤ 2s∥g∥Ls(R3)∥τ∥s−1
Ls(R3)

.

If ∥τ∥Ls = 0, there is nothing to prove. Otherwise, divide by its (s− 1)st power. This
proves (6.1), and hence Proposition 6.1. □

7. The whole-space obstacle problem and completion of the proof

The source estimate applies only to g ≥ 0. To use it for LAu, we construct a
superharmonic majorant whose Laplacian is concentrated where it touches the negative
part of u. For the scalar C1,1 regularity background, see [6, Theorem 1, p. 832]. Rather
than apply that bounded-domain theorem, the lemma below proves the precise whole-
space statement needed here, allowing an obstacle that is merely Lipschitz and semiconvex.
In particular, the proof does not require a bounded-Hessian conclusion from the systems
result cited in the introduction.

7.1. Comparison with averages of translates and the Hessian bound. We use
the homogeneous Sobolev space

Ḣ1(R3) = {w ∈ L6(R3) : Dw ∈ L2(R3;R3)},

with Hilbert norm ∥Dw∥L2 . Equivalently, it is the completion of C∞
c (R3) in that norm.

A function is called K0-semiconvex when D2w ≥ −K0I in distributions, or equivalently
when w(x) +K0|x|2/2 has a convex representative.
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Lemma 7.1 (Hessian bound for the whole-space obstacle problem). Let ψ ≥ 0 be
compactly supported and Lipschitz on R3. Suppose that D2ψ ≥ −K0I in distributions
for some K0 ≥ 0. The minimization problem

min

{∫
R3

|Dw|2 dx : w ∈ Ḣ1(R3), w ≥ ψ a.e.

}
(7.1)

has a unique solution. It satisfies

0 ≤ w ≤ maxψ, −K0I ≤ D2w ≤ 2K0I, 0 ≤ −∆w ≤ 3K0. (7.2)

In particular, w ∈ C1,1
loc (R

3).

Proof. The admissible set is nonempty, since ψ ∈ Ḣ1(R3), and is convex. It is closed in

Ḣ1: norm convergence implies convergence in L6, and the obstacle inequality passes to
an almost-everywhere convergent subsequence. Hilbert-space projection therefore gives
existence and uniqueness. The minimizer satisfies∫

R3

Dw ·D(w̃ − w) dx ≥ 0 for every admissible w̃. (7.3)

The lower bound w ≥ 0 is part of the constraint. Truncating at maxψ does not increase
the energy, so uniqueness gives the upper bound. Nonnegative upward variations give
−∆w ≥ 0 in distributions.

We first establish the least superharmonic majorant property in a form that permits a
constant at infinity. Suppose that z ∈ H1

loc(R3), Dz ∈ L2, z ≥ ψ, and −∆z ≥ 0. Since
z ≥ ψ ≥ 0, the function η = (w − z)+ satisfies

Dη ∈ L2, 0 ≤ η ≤ w ∈ L6,

so η ∈ Ḣ1. The competitor w−η = min{w, z} is admissible; hence (7.3) gives
∫
Dw·Dη ≤

0. Superharmonicity of z gives
∫
Dz ·Dη ≥ 0. These nonnegative Ḣ1 tests are justified

by cutoff and mollification: the cutoff error is bounded by the L6 norm of η on annuli
tending to infinity, and tends to zero. Subtracting the inequalities yields∫

R3

|Dη|2 dx ≤ 0.

Thus η = 0 in Ḣ1, and w ≤ z almost everywhere.
For any translation vector h ∈ R3, define

zh(x) =
w(x+ h) + w(x− h)

2
+
K0

2
|h|2.

This is nonnegative and superharmonic, and Dzh ∈ L2. Semiconvexity of ψ gives

zh(x) ≥
ψ(x+ h) + ψ(x− h)

2
+
K0

2
|h|2 ≥ ψ(x).

The preceding comparison applies, even though the constant term in zh need not belong
to L6. We conclude that

w(x+ h) + w(x− h)− 2w(x) ≥ −K0|h|2.
Testing this second-difference inequality and letting h tend to zero in each fixed direction
proves D2w ≥ −K0I in distributions.

The positive semidefinite matrix-valued distribution

S = D2w +K0I dx



THE ELLIPTIC PUCCI CONJECTURE 19

is a matrix-valued Radon measure. Its trace satisfies

0 ≤ trS = ∆w + 3K0 dx ≤ 3K0 dx.

A positive semidefinite matrix-valued measure is bounded above by its trace times the
identity, so 0 ≤ S ≤ 3K0I dx. Therefore D

2w has a bounded density and

−K0I ≤ D2w ≤ 2K0I, 0 ≤ −∆w ≤ 3K0

almost everywhere. The bounded Hessian implies w ∈W 2,∞
loc , and hence a C1,1

loc represen-
tative. This proves (7.2). □

7.2. Concentration of the source on the contact set.

Proposition 7.2 (The three-dimensional range 3/2 < s < 2). In dimension three, (1.3)
holds whenever

3

2
< s < 2, s > 3Λδ. (7.4)

Proof. We prove (2.3) at exponent s, uniformly for R < 1. Let A be smooth and
admissible near BR and let u be C2 there. Write

f = LAu, b = min
∂BR

u, M =

(
b−min

BR

u

)
+

.

If M = 0, the desired lower bound is immediate. Assume M > 0 and define

ψ(x) =

{
(b− u(x))+, x ∈ BR,

0, x /∈ BR.
(7.5)

It is compactly supported, nonnegative, and Lipschitz. The Lipschitz property follows
from the bounded interior gradient and the zero boundary trace of (b− u)+. We next
check its global semiconvexity, since this point is needed for Lemma 7.1.

Set K0 = supBR
∥D2u∥op, where the norm is the operator norm. Inside the ball,

ψ(x) +
K0

2
|x|2 = max

{
b− u(x) +

K0

2
|x|2, K0

2
|x|2

}
is convex. On each line meeting the ball, ψ is nonnegative and vanishes at the two
endpoints of the chord. Its one-sided derivative entering the chord is nonnegative, and
its one-sided derivative leaving the chord is nonpositive. Extension by zero therefore
creates only upward jumps of the derivative. Adding the same quadratic gives a convex
function on the entire line. Since this holds on every line, D2ψ ≥ −K0I globally.

Let w be the minimizer from Lemma 7.1. It is nonzero because maxψ =M > 0. Since
it is continuous, nonnegative, and superharmonic on R3, the strong minimum principle
gives w > 0 everywhere. Equivalently, if w vanished at a point, its superharmonic
mean-value inequality and nonnegativity would force it to vanish on every ball centered
there.

In the open set {w > ψ}, both signs of sufficiently small compactly supported variations
are admissible. Thus w is harmonic there. The contact set

K = {x ∈ R3 : w(x) = ψ(x)}
is closed. Because w > 0 and ψ = 0 outside BR and on its boundary, K is compactly
contained in BR, and ψ > 0 on K. It follows that

g = −∆w ∈ L∞
c (R3), g ≥ 0, supp g ⊂ K. (7.6)
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Here and below support statements for densities may be understood in the essential or
distributional sense.

The solution of the Poisson equation in Ḣ1(R3) is unique. More explicitly, Γ ∗ g ∈
Ḣ1(R3), and the difference between −w and Γ ∗ g is harmonic in Ḣ1; testing its equation
by itself shows that the difference is zero. Hence

v = −w = Γ ∗ g.

Since w ≥ ψ and w ≤ maxψ =M , it attains this maximum wherever ψ does. Therefore

∥v∥L∞(R3) =M. (7.7)

Inside BR we have u− b− v = u− b+ w ≥ 0. At every contact point, ψ = b− u > 0,
so equality holds. At almost every such point the C1,1 function v has a second-order
expansion. The second-derivative test at a local minimum then gives D2v ≤ D2u.
Consequently, on K,

Pδ(D
2v) ≤ A : D2v ≤ A : D2u = f.

Outside K, ∆v = 0 and the smallest eigenvalue of D2v is nonpositive, so (2.2) gives
Pδ(D

2v) ≤ 0. We have proved the pointwise inequality(
Pδ(D

2v)
)
+
≤ f+1K almost everywhere on R3. (7.8)

Apply Proposition 6.1. Since supp g ⊂ B1 and the conjugate exponent s′ = s/(s− 1)
is less than three,

sup
x∈R3

∫
B1

|x− y|−s′ dy <∞.

For x ∈ B2 this follows by integrating the singularity over B3 after translation; for |x| ≥ 2
the kernel is uniformly bounded on B1. Hölder’s inequality, (7.7), and (7.8) therefore
give

M ≤ Cs∥g∥Ls(R3) ≤ Cs
3(s− 1)

s− 3Λδ
∥f+∥Ls(BR). (7.9)

Thus infBR
u ≥ b− C∥f+∥Ls(BR). Applying the same argument to −u yields

sup
BR

u ≤ max
∂BR

u+ C∥f−∥Ls(BR), f− = (−f)+.

Together these inequalities imply (2.3). The final constant depends only on s and δ,
not on R or the intermediate semiconvexity constant K0. Lemma 2.1 completes the
proof. □

Completion of the proof of Theorem 1.1. Section 3 excludes every p ≤ pδ. Let p > pδ.
If p > 2, Theorem 5.3 proves the desired estimate. Otherwise pδ < p ≤ 2, which forces
d = 3. Choose

s =
pδ + p

2
.

Then 3/2 < s < 2, s > 3Λδ, and s < p. Proposition 7.2 proves the estimate at exponent
s, and Hölder’s inequality raises the exponent to p. This also covers p = 2 whenever it
lies strictly above pδ; no limiting argument at exponent two is needed. □
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Appendix A. Continuity of homogeneous integral functionals

The approximation in Section 6 uses the following elementary fact. We state it on a
possibly infinite-measure domain, so that no integrable constant is tacitly introduced
into a growth bound.

Lemma A.1. Let E be a finite-dimensional normed space, let q > 0, and let F : E → R
be continuous and positively homogeneous of degree q. If Hj → H strongly in Lq(Ω;E),
then F (Hj) → F (H) in L1(Ω).

Proof. Continuity on the unit sphere and homogeneity imply |F (X)| ≤ C|X|q. For every
ε > 0, uniform continuity on the closed unit ball gives a constant Cε such that

|F (X)− F (Y )| ≤ ε
(
|X|q + |Y |q

)
+ Cε|X − Y |q. (A.1)

Indeed, put r = max{|X|, |Y |}. If r = 0, there is nothing to prove. If |X − Y | ≤ ηr,
divide by r, use uniform continuity on the unit ball, and multiply by rq. If |X − Y | > ηr,
the growth bound gives the second term with Cε = 2Cη−q.

Apply (A.1) pointwise to Hj , H and integrate. The quantities
∫
Ω |Hj |q dx are uniformly

bounded and the last integral tends to zero. Hence the upper limit of the L1 difference
is at most a fixed constant times ε. Letting ε ↓ 0 proves the assertion. □
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