An adjoint proof of an ABP-like inequality on the Heisenberg group

Abstract

We obtain an ABP-like inequality for arbitrary uniformly elliptic horizontal coefficient matrices on
the Heisenberg group. The proof uses adjoint power entropies along an auxiliary regularization. A central
convolution allows scalar and matrix fields to evolve differently while preserving their double-divergence
relation. Its matrix error is small enough to be absorbed. No commutation condition on the coefficient
matrix, or smallness of the ellipticity ratio, is required.

1 Our goal
Use coordinates £ = (x,y, s) on H", and write z = (x,y),
Xp =0y — %’cas, Yi =8y, + %as, T =8,

Set Z = (X1,..., X, Y1,...,Y,), m=2n, Q =2n+2, and
g=( 9 I A=Y 77 DB=Y Z;Z;B
= *In 0 )’ H—Z i —Z i4jDqj.
) 1,7

Thus [Z;, Z;] = Ji;T. All these fields are divergence-free. Matrix norms are Frobenius norms. The group
law, dilations and balls are

(z,8)0(¢,8') = (242, s+ +12TJ2), 6r(2,s) = (Rz, R%s),
Br = {|2|" +165° < R'}, Br(&0) = &0 0 Bg.
Consider L u = a;;Z; Zju, where
A=AT, M < A<AI 0<A<A<oo. (1)
For symmetric A one may equivalently use the symmetrized horizontal Hessian.

Theorem 1.1. For everyn > 1 and 0 < X\ < A, there exist 1 < p < 0o and C < oo, depending only on
n, A\, A, with the following property. Let R > 0, Q C §R(fo) be bounded and open, and let A be measurable
and satisfy (1) almost everywhere. If u € C%(Q) N C(Q) and f € C(Q) satisfy

—Lau< f a.e in (), u<0 on oL,
then

1/p
[y || oo () < CR?™9/P (/Q 7 d5> . (2)

The assertion is understood when the right-hand side is finite. No modulus of continuity of A, and no
reqularity of 0X), enters the constants.

N{u>0}

Applying the theorem to u and —u gives

[ullos < CR* Q|| fll 1o ()



for —L  su = f with zero boundary data. We do not seek an optimal exponent.

The proof uses two power entropies, as in the elliptic case: one for the adjoint density and one for the
regularized coefficients. In the elliptic case, ordinary heat flow commutes with double divergence. On the
Heisenberg group this commutation fails, so we construct scalar and tensor regularizations that together
preserve the adjoint equation. We estimate the additional entropy and coefficient errors below and absorb
them by choosing the power sufficiently close to one.

2 The adjoint equation
First suppose that  C Bj is smooth and A is smooth near €. Introduce
£A75=£A+6T2, e > 0.

This operator is uniformly elliptic in Euclidean coordinates on the bounded domain. It is enough to prove,
for some 1 < r < 4/3,

vz < CligllLi e, —D(Av) —eT?v =g,  vloa =0, (3)

uniformly in ¢, in derivatives of A, and in 2 C By. By positivity and homogeneity, take g > 0, f g=1, and
v > 0. Smooth data suffice. Testing with

1—|2)? tr A
L. P=—"">1,
2m\ A€ mA

D(z,s) =
gives

- 2m)\

M = / vdé < —— (4)
Indeed, the boundary term is @3, where
8= vy Avg + EV%)BVU <0, vg=(Z;-v)y,, vr=T-v.
Extend v, g by zero and extend A preserving (1). The same computation gives
~D(Av) — eT?v =g+ Bogn < g on H" (5)
All unspecified integrals below are over H™. Define

IDF|2 =" |Z,F|* + §|TF|2, o= Ay + §T27 H, — e,

For matrices the gradient norm is summed over all components.

3 Scalar and tensor regularization

Let k be a large constant, to be chosen later, and let C} denote central convolution with

1
n(s) = 5 sech % en(r) = sech(kht). (6)

Write
Py, = H,C}, KB =JB - BJ, Sy, = H,Cpe?Tx. (7)

The last formula denotes the combined central multiplier; the isolated exponential need not define a bounded
operator.



Lemma 3.1. For sufficiently large k, the tensor operator Sy is well defined, preserves symmetric matriz
fields, and satisfies

Cn
DS,B = P,DB, |SpB — P,B| < —Py|B]. (8)
K
The scalar operator Py preserves positivity and mass. Moreover,

_ s
1PaFlloc < Cah™@2|[F|ly,  |Tlog PuF| < o= (F >0, F#£0). 9)

All constants are independent of h, e, k above a fized threshold.
Proof. The commutation relations give
A, Z;) = =2T Ji Zy, HDB =D(H.B + 2TKB).

Exponentiating proves the first identity in (8). To justify the operator, K is skew-adjoint on symmetric
matrices and ||K|| < 2. The central kernel of Cj,e2"Tx is

My (s) = % {cosh (%I + gIC)]_l.

On an eigenvector with eigenvalue i3, this is ¢; (s 4+ 2ih3). For real ¢ and small 6,

1 1
h 0)| > h — < ht.
| cosh(t + i0)| > cosf cosht, cosh(t £70) cosht‘ < (6] secht
Consequently
Cn
|Mp(s) — cn(s)I| < 70;1(5), /Mh(s) ds=1. (10)

The mass follows also by setting 7 = 0 in the Fourier multiplier. This proves the pointwise estimate in (8).
For the exponentiation, first impose compact central Fourier support and then remove the Fourier cutoff
using the integrable combined kernel. This also proves the identities for compactly supported distributions.

The heat bound ||Hpl|l1500 < C,,h~?/2 is uniform in ¢, because the additional central heat flow is an L'
contraction. Central convolution is also an L' contraction. Finally, |c}| < mep/(2kh) proves the logarithmic
derivative bound. O

Remark 3.2. For completeness, the only heat-kernel input in the proof is the preceding dispersion bound.
With Fourier transform in s, the kernel of e2# has transform

Fn(z,7) = (4nh)™" (mﬁ(ThT))n exp ('Z]'; hr coth(hT)) .

It follows by the radial Gaussian ansatz for the Fourier-transformed heat equation. Fourier inversion and in-
tegrability of (¢/sinht)" give ||kp|lco < Crh~""1. Positivity and unit mass are the usual heat-flow properties.
See also [1, Section 2, equation (2.7)].
Set
wp, = P, gn = Png, B, = Sp(Av), ap = Bp/wp. (11)

For k > ko(n, A, A), the pointwise tensor error and positivity imply

>

51 <an <2AL (12)

Indeed, AwpI < Py (Av) < AwpI and Pp|Av| < v/mAwy,. Applying Py, to (5) gives the exact inequality
—D(apwy) — eT?wy, < Gh- (13)

No derivatives of the original coefficients have been estimated.



4 The scalar power entropy

Fix 1 <r <4/3, put x =r(r — 1), and write

1
E(h):/w;;dg, I(h)ZX/w;ﬂth\gdg, I:/O I(h)dh, Eoz/v’"df.

At this stage v is bounded and compactly supported, so Ey < oo. Markov Jensen gives E(h) < Ey before
any entropy estimate. We work on 0 < h < 1, so a cutoff of the power entropy at small values is unnecessary.

Lemma 4.1. There is C,,, independent of r, e, k, such that
T < Ey, Ey < E(1)+ (14 Cyr)T. (14)

Proof. The logarithmic derivative of ¢, is —x7 tanh(kh7). It is the symbol of a symmetric jump generator
with density
7 cosh 6 ot

Na(t) = ol iUy
(t) 4rkh? sinh? 6 2kh

(15)
One obtains this by differentiating

B 1 — cos(tt)
log cosh(at) = /R 2[t| sinh(r|t|/(2a)) .

This identity follows, in turn, by the product expansion of cosh and the elementary integral for log(1+72/b%).
Thus

—E'(h)=I(h) + J(h),  J(h) >0,

where, writing w = wy, and & = £ 0 (0,¢),

3 =5 [ [ M) - w@) (e = wer) .
For a,b>0and 1 <r <4/3,
(a= D@ =b1) < CO = DL+ log(a/D) a7 - 572 (10

To see this, put a/b = ¢’ > 1. For £ < 1 use the mean value theorem. For ¢ > 1, use elr=DE_1 < (r—l)fe(r_l)e
and /2 —1> (1 — e~ 1/2)ert/2,

By (9), |log(w(&)/w(€))| < 0. Also 2N, (t)(1 +6) < Cr. With ¢ = w"/2, the fractional-energy formula
therefore gives

J(h) < Crxla. 1T1) < Corox [ Vial® d€ < Coni(h).
Here |T'| has central Fourier symbol ||, and
(o, 1) < [ Vol de. a7)

Indeed, after central Fourier transform, [X},Y;] = i7 and integration by parts gives |7||ql|3 < || Xrql|3 +
|Yql|3. Sum in k and integrate in 7. Integrating the entropy identity proves (14).

5 The coefficient power entropy

The point of the tensor correction is that its derivative error is quadratic in x~1.

Lemma 5.1. For 1 <r <4/3 and k > ko, there is C = C(n, ), independent of r,e, k, such that

1
x/ /wg|Dah|§ d¢dh < C(x + v 2)Ey + Cr 2T (18)
0



Proof. Write
qn = Hpv, Ry = Hy(Av), by = Ri/qn, ap = Py(Av)/wp.

For two functions g, gb evolving by ., the quotient computation gives
(On — He)(q"[b]*) = —r(r — 1)¢"~?|b]*| Dg|Z — 24" | Db|2
—4(r —1)¢"" ) " ba(Dq, Dby).
[0

2(2 —
< —c,.q"| Db, Cr = 22-r) > 1.
T

Young’s inequality gives the last line. The same integrated inequality holds for the common scalar flow Pj:
the extra jump contribution is nonpositive because

(¢, R) — ¢"*|R|?
is convex for 1 < r < 2. It follows that
1 1
/ /q;|Dbh|§d§dh+/ /w;|Dah|§d§dh < 2mA’E,. (19)
0 0
Let N}, be central convolution with M}, — ¢, I, and put
F, = N Ry, en = Fp/wp, ap = ap, + ep.
The central convolution commutes with all the fields in D. From (10),
len| < CA/k, /w2’2|DFh|§ d¢ < OK—Z/q;*Q\DRh\gdg. (20)
The second inequality is weighted Jensen. Explicitly, for a positive probability convolution C,
(Cq)"2(CIF])* < Cg" 2| F[?),

by Cauchy—Schwarz and C(¢?>~") < (Cq)*~". Apply this to C}, and use [N, F| < Cxk~1Cy|F|.
Since DRy, = g, Dby, + b, Dqyp, and |by,| < \/mA, the quotient rule in (20) gives

[uripenas < cu [ gipm2as
+Cr2 (/ q2_2|th|g d¢ + /w2_2|th|g df) .
The ordinary heat power identity gives
1
[ [ D dgan < g,
0

Multiply the preceding error estimate by ¥, integrate in h, and use (19). Together with |Day|? < 2|Day,|? +
2|Dep,|?, this proves (18). O

6 Proof of the estimate

Test (13) with rw;_l. One integration by parts gives

X/wZ‘2 (anV gwy - Vgwy + e|Twy|? +wp Vgwy, - divy ap,) dé < r/,wz—lgh de.



Here (divg a); = Zja;j. By (12) and Young’s inequality,

4m - 4r —
1) < Sy [ wiipana+ 5 [ uf o de (21)

All computations may first be integrated over 6 < h < 1 with compact spatial cutoffs. For dilated cutoffs
¢, [VuCr] = O(L™Y), |T¢L| = O(L™2), and [¢*Ny,(t)dt = 2k*h. Thus the scalar and coefficient entropy
cutoff errors vanish by Markov Jensen and Ey < oco. Their dissipation bounds then control the PDE flux
cutoff errors by Cauchy—Schwarz. Send L — oo at fixed €, k,r, and then § | 0. The limiting estimates have
exactly the uniform constants displayed above.

By (4) and (9),
|whlee < C(n, \N)A™9/2, /gh dé = 1.
Choose also r —1 < 1/Q. Then

1 1
E(1) < C(n,\), / /rw:;lgh dé dh < C/ h=QUr=D/2 gp < C(n, \). (22)
0 0

Combining (21) and Lemma 5.1, with constants uniform in r, €, k, gives
T < Colx+ Kk 2Ey+ Cor*T + Cy. (23)
Here and below Cy, C; depend only on n, A\, A. Choose k > kg so large that
Cor 2 < %, 2Co(1 + Cpr) 2 < %.

With this x fixed, choose r > 1 so close to one that

r<3, r—1<1/Q, 2Co(1+ Cpr)r(r —1) < 1.

These choices depend only on n, A\, A. Lemma 4.1, (22), and (23) now give
Ey < C+ 1E,.

Thus [o" < C. Homogeneity and positivity prove (3) for general g, and duality gives the regularized
maximum estimate with p =r/(r — 1).

For the positive-part form, choose smooth convex ;5 with ps = 0 on (—00,0], 0 < ¢§ <1, and ¢5(t) — t4.
If w <0 on the boundary and —L4 .w < F', the classical chain rule gives

—Laeps(w) < Fylpysoy.

Both ps(w) and the adjoint solution v vanish on the boundary. Hence

[ oestwyds = [ ol-Lacostw)) de < CIP Lm0y oo
Let 6 | 0 and take the supremum over nonnegative smooth g with f g = 1. We obtain

[willoo < ClF L fwsoyllLe- (24)

We finish the a priori passage for Theorem 1.1. At unit scale fix a > 0. The compact set {u > a} lies in
Q. If nonempty, choose a smooth D & () containing it, so v —a < 0 on dD. Extend A preserving its bounds
and let A; be ordinary Euclidean mollifications. Then A; — A almost everywhere and

Ej = |(AJ — A)igZiZgU| — 0 in LP(D),
because u is C? near D. On D,
Lay(u—a) <+ B+ [T,
Apply (24) and let j — oo, then € — 0. Since D contains {u > a},
[(w—a)+l[L=() < Clf+1lusoyllzr(0)-

The inequality is trivial if the compact set is empty. Let a | 0. Finally, the change of variables & = £y 0 dg(
multiplies the equation by R? and volume by R?, proving (2).



Remark 6.1. If AJ = JA, the tensor correction disappears because K(Av) = 0. For general A, applying the
same scalar heat flow to v and Aw is insufficient: already on H?,

A, X?|(szy) = —4.

The proof above replaces exact componentwise commutation by exact scalar—tensor intertwining. The two
estimates that permit this replacement are the O(k) scalar entropy cost and the O(k~2) coefficient energy
error. After choosing x, a power sufficiently close to one absorbs the remaining coefficient entropy.
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