Adjoint regularity on the Heisenberg group
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15 September 2026

Abstract

We study nonnegative adjoint solutions for arbitrary Borel uniformly positive hori-
zontal diffusion matrices on the Heisenberg group. We prove absolute continuity and
a local space-time Llog L estimate, uniformly under addition of a coordinate Laplacian
with coefficient in [0, 1], without initial density or entropy assumptions. The proof uses
an exact central regularization of scalar, vector, and tensor fields, and the bracket esti-
mate that controls a half derivative in the central direction by horizontal energy. In the
zero-viscosity case, homogeneity and a quantitative nonconcentration argument improve
entropy to a positive power, both for stationary solutions and for parabolic solutions over
the full time interval. An exact stationary family specifies a limitation on the admissible
power exponents.

1 Setting and the entropy theorem
Fix d > 1. On H? = R?¥*! yse coordinates g = (2,9, 2), =,y € R?, and group law
(2,5, 2) (& o) = (s + 2y + ¢ 2+ 2 + Sy —y- o).
The horizontal fields and the central field are
Xj =0 — %yjf)z, Y =0, + %xjo”?z, Z = 0,.

Write V' = (X1,..., Xq,Y1,...,Yy) and m = 2d. Then [X;,Y}| = 6;,Z, the other horizontal
brackets vanish, and all these fields are divergence free for Haar measure dg = dx dy dz. The
dilations are 6,(x,y,2) = (rz,ry,7?z), and the homogeneous dimension is q = 2d + 2. For a
Borel symmetric m x m matrix A = (a;;), set

Lag =13 ) aij(ViVj + ViVi)e.
ij=1

There is no additional first-order term. The coordinate Laplacian below is A = Zj ((9%], +
;) + 2.

Theorem 1.1 (Parabolic measures, uniform coordinate viscosity). Let Q@ C H? be open,
T>0,and0< XA <A <oo. Let (v)o<t<r be nonnegative finite Borel measures on ), weakly
measurable in the sense that t — [ dv; is measurable for every ¢ € C.(Q), and suppose
v (Q) < 1 for almost every t. Set dv(t,g) = dtdv(g). Assume A is Borel symmetric and
My, < A(t,g) < ALy, for v-almost every (t,g). For e € [0,1] and a finite nonnegative Borel
measure [, SUppose

/ (Orp+ Lap +eAp)dv = / odu (cp € C°((0,T) x Q)) (1.1)
(0,7)xQ (0,7)xQ
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Then v = pdtdg with p > 0, and for every K € (,

T T
/ /pdgdtST, / / plog(l+p)dgdt < C(T,K,Q,d, A\, A).
0 Ja 0 JK

The constant is independent of A,e,v, u. No initial density, initial entropy, coefficient conti-
nuity, or smallness of the ellipticity ratio is assumed.

Corollary 1.2 (Stationary measures). Let o be a finite nonnegative Borel measure on €
with mass at most one. Let A = A(g) be Borel symmetric with AI,, < A < Al,, o-almost
everywhere. If € € [0,1], po is a finite nonnegative Borel measure, and

/ (Lag +eAp) do = / pduy (€ CT(Q)),
Q Q

then o = pdg and [ plog(1+p) < C(K,Q,d, A\ A).

Proof. Apply Theorem 1.1 on a time interval of length one with vy = ¢ and pu = dt pug. The
sign is Lo + Ao = pp > 0. O

The zero-viscosity power improvements are proved after the entropy theorem. They are
unconditional consequences of the same measurable-coefficient hypotheses. The word “power”
there refers to some positive exponent depending on d, A\, A; no optimal exponent is asserted.
More precisely, Theorem 3.1 gives a stationary weak reverse Holder estimate on every Carnot
ball, and Theorem 4.1 gives its parabolic counterpart and a uniform L'*% bound over the entire
time interval. All dimensions d > 1 are covered by these positive results. The limitation on
power exponents in Theorem 5.1 is proved on H'.

2 Proof of the entropy theorem

Throughout this section, unmarked spatial integrals are over H¢ against dg, | - |r is the
Frobenius norm of a matrix, and Vi = (Wy,..., W) for the fields defined next.
2.1 A smooth reference family retaining the viscosity

For fixed ¢, introduce the N = 4d + 1 divergence-free fields

W= (X1,..., X, Y1, Yas JE Dy NE Dy VEZ).

The middle block denotes all 2d horizontal coordinate derivatives. They have constant central
brackets [W,, W] = ¢, Z and commute with Z. With Qo = (_(}d Iéi ), a = +/£/2, their bracket

matrix is

Qo aQo 0

14++2

Co=(cw)=[a% 0 0], [C<—5—.
0 0 O

Zero fields at € = 0 cause no difficulty. Set

L=) Wi=Ly+edA, Ly=Y» (X;+Y}), H,=e",

g (2.1)
Dv=Y Wia, TR=)> WoW,Ra.
a a,b

The stress in the original equation becomes diag(A, Is44+1)v, with fixed cone bounds min(A, 1)
and max(A, 1).



The affine diffusion for L is nonexplosive: its horizontal coordinates are Brownian linear
combinations and its central coordinate is a sum of Brownian terms and linear stochastic
integrals. Thus Hy is positive, conservative, and symmetric for Lebesgue measure, and com-
mutes with central translations. At e = 0, smoothing follows from the Heisenberg heat kernel
displayed below; at € > 0, it follows from smooth elliptic regularity. Only the following size
bound is needed uniformly in e:

| Hy i e < Cas™2, (2.2)

Here is a derivation of this uniformity. With Fourier convention f(w, &)= Jp e f(w, 2) dz,
the partial central Fourier transform of the L heat kernel is

Foo(1,€) = (4ms) (Sm‘jfs@)dexp [—’Z;ss cot(s6)| v = (o)

The quotients are continued at zero. It follows by the Gaussian ansatz for 8;]% = Aw/ﬁ -
€2|w|?h/4; the angular magnetic term annihilates radial functions of w. Fourier inversion,
ucothu > 1, and integrability of (u/sinhu)? give ||hs|loo < Cys~@1. Consequently

13 < Cat™ 21 FIR + D (1XG £1I3 + 1Y5£13).

J

Optimization is the Nash inequality for Lg. The Dirichlet form of L dominates that of
Lo, so the same Nash inequality holds uniformly in . Apply it to Hf in %HH sflI3 =
—25" |[WaHf|3; the resulting differential inequality gives an L' — L? bound. Symmetry
and the semigroup property give (2.2). Smooth reference heat-kernel existence is used here;
no measurable-coefficient heat-kernel estimate is assumed.

2.2 Exact central intertwiners

Put J = —C; and let XB = JB — BJ on symmetric matrices. Both J and I are skew-adjoint
on their respective Euclidean spaces, I = 0, and their norms are bounded uniformly in e.
Direct constant-bracket expansion gives

LD =D(L—-2ZJ), LT =T(L-2ZK). (2.3)

For example [W,, L] =2, ¢;, ZW}; applying the product rule to [W,W,, L] and contracting
with a symmetric tensor gives the second identity.
For a large fixed parameter k, let Cs denote central convolution with

1
s(z) = 5 sech % 2,(€) = sech(ks€),
and set
P, = H,C,, U, = HCye 227§, = H,Cye 252K, (2.4)

The combined central factors have integrable matrix kernels. In fact, for M = J or M = IC,
the kernel of Cye254M g

1 TZ T -1
BM :—[ h<—[——M)} .
s (2) 2KS €08 2KS K

To justify this formula and its bounds, diagonalize the skew-adjoint M over the complex
numbers. On an eigenvalue i/ it is the analytic translate c4(z —2isf3), whose Fourier multiplier
is Cy(&)e?*%¢. This is integrable when x > 2|3|. If k > 3||M ||, the elementary identity

cosh(u — i6) = coshu cos @ — i sinh u sin 6



gives, uniformly in wu,
IBM(2)|| < 2¢s(2),  |IBM(2) = ca(2)I]| < Crles(2).

Fourier transformation at zero shows [ BM = I. The spectral formula also shows the ker-
nels are real on real inputs and preserve the symmetric matrix subspace. Their masses and
shrinking scales imply approximation of the identity. By positivity of Hy,

|U,F| < CP,|F|, |SsR — P,R|p < Ck'Py|R|p. (2.5)

The central difference operator, before applying H,, commutes with every W,. This assertion
is not made for the full difference Sy — Ps;. Exponentiating (2.3) gives the exact identities

DU, = P,D, TSs=PT. (2.6)

One may first verify them on smooth data with compact central Fourier support and then
use the integrable kernel bounds to pass to the finite measures and distributional derivatives
used below.

2.3 The bracket estimate pays for central entropy

Let |Z| denote the central Fourier multiplier |£|. The Heisenberg commutator gives the
quadratic-form inequality

d
dih,|Z|n) <y (1X;0013 + [Y3h113) < Y [Wahl3. (2.7)
j=1 a

Indeed, after unitary Fourier transformation in z, put P; = 0, —ify;/2 and Q; = 9, +ix;/2.
Then
1(P; — isgn&Q;)ull3 = [1Pyoll3 + 1Qsvl3 — €] llv]l3-
Sum in j, integrate in &, and close the L? horizontal form. This is the use of hypoellipticity
that recovers the missing central regularity in the entropy argument.
For ¢ > 0 of mass at most one, set

%%
re =1+ Pyq, ®(r)=rlogr—r+1, E(s):/q>(rs /Z | Ts\
The logarithmic derivative of ¢s is —k& tanh(ks€), a symmetric jump-generator symbol with

nonnegative Lévy density

m  cosht _ 72|

ns(z) =
For instance the product expansion of cosh gives

B 1 —cos(£z)
log cosh(ag) = /R 2|z[ sinh(r[2|/(2a))

differentiating at a = ks yields (2.8). Write J,(r) for its entropy form

) = 71 2.8
4ks? sinh? ¢ 2K (2:8)

dz;

/ / no(2)[r(gexp(22)) — r(g)][log (g exp(=2)) — logr(g)] dg d=.

Scalar differentiation and integration by parts give —E’(s) = I(s)+Js(rs). Central convolution
gives |Zlogrs| < w/(2ks). For positive a, b,

(a—b)(loga —logh) < (4 + |log(a/b))(va — Vb)*.



Plancherel and [, (1 — cos(&v))v—2 dv = m|¢| give the central fractional-energy formula

explv — 2
<h"Z‘h>:217r/R/Hd [h(gexp(vZ)) — h(g)| dg dv.

v2

Since 2%n(2)(4 + t) < Ck, this formula and (2.7), with hs = /75 — 1, imply
Js<r5) < C"?<h57 |Z’hs> < CdHI(S)'

There is no infinite-baseline problem: h? < Pyq, so hs € L?. The terminal entropy is bounded
by (2.2). Consequently

E(0) < C+ (1+Cr) / " I(s)ds. (2.9)
0

The formulas are first used for bounded integrable ¢, and subsequently through the uniform
approximation described below.

2.4 A global estimate with a finite localization flux

First consider smooth data ¢(¢,g) > 0, symmetric Q(¢,g), and a generalized source equation

TQ = 0iq+ B+ DFy + Go, (2.10)
where 8 > 0, and, uniformly in ¢,
| Fol?
q<1, gl <Q < Auql, 1+ <B, |[Goli<B.
q

Assume initially finite entropy and the regularity obtained by the presmoothing in the next
subsection. Constants below may depend on B, \,, A, but not on the entropy value or €. Set

ro=1+q, Ro=I1+Q, rs=Fsro, Rs=SsRo, as:Rs/Ts-
Choose k so large that (2.5) gives crsl < Ry < Crgl, where ¢,C stay fixed as k increases
further. The finite coefficient perspectives for the two common scalar evolutions

. HsRO - PSRO

bs = Qs
Hgrg ’ Ts

give
1 1
/0 /(H5r0)|VWbS|%ds <C, /0 /TS|VW6LS\% ds < C. (2.11)

The perspectives used are [(Hgro)|bs —I|> and [ rs]as — I|?, whose initial values are bounded
by C [ g. For heat, differentiation gives minus twice the displayed energy; the positive central
jump generator adds a nonpositive perspective term. Thus the infinite baseline never appears
as an infinite variance.

Write B = R, — P,Ry and e, = E™ /1. For the central error operator Ny = BX«—C,
we have E;nat = NyH Ry and WaE;nat = N,W,H,Ry. The relative central kernel bound and
weighted Cauchy—Schwarz imply

“Va Emat|2 C ‘”ra Hs R0|2
<C s o< )
lesl < €/, / Ts ~ K2 H,rg

Commutation with central convolution is essential in this derivative estimate. Expand
WoHsRy = (Hsrg)Webs + bsWoHgrg and use the quotient rule. Since as = a5+ eg, (2.11) and
ordinary heat entropy dissipation give

1 1
/0/TS|VWaS|%d3§C+;EO(t)+IS;/O I(s,4) ds, Eo(t):/q)(l—i—q(t)). (2.12)
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Here the ordinary heat Fisher integral is at most Fy(t). The constants in (2.12) do not grow
with k.
By (2.6), equation (2.10) becomes

TRy = Ors + P, + DU Fy + P;Gy.

Weighted kernel Jensen gives [|UsFy|?/rs < CB. Test with the nonnegative logr, and
integrate once in the horizontal fields. The principal term is — [ rsas op(Wo log rs) (W log rs);
the coeflicient cross term costs a small fraction of I and C f rs]VWas|2. The positive source
has the favorable sign. The signed scalar source costs at most CB(1 + |log s|), since (2.2)
gives

|l log 75(t)]|cc < C(1+ |logsl), E(s,t) < C(1+ |logs)). (2.13)
Thus, for 0 <0 <1, 0 € C(0,T), temporal integration by parts yields

/0 (s,t)dt < C/0 /rslvwa5|2dt+C(T+ 160"]]1)(1 + |log s|). (2.14)

The temporal contribution is [ 6'E(s, ), controlled by (2.13); no value of the entropy at ¢t = 0
or T is used.

All global tests can be made first with Carnot cutoffs tending to one. For radius R > 1
their first and second W derivatives are bounded by C/R and C/R? uniformly in . For
almost every positive regularization parameter s, the weighted coefficient, Fisher, and flux
quantities are finite by their integrated bounds; perform the test at these s and then integrate
in s. Moreover, (logrs)?rs < C(s)(rs — 1), and the scalar source is integrable. Subtract the
constant tensor before integrating by parts; it has zero double divergence. Cauchy—Schwarz
removes the first-order cutoff terms, and the finite perturbation removes the second-order
terms. The symmetric jump identities follow by truncating their kernels, using convexity, and
passing by monotone convergence or finite perturbation domination. These arguments need
no uniform bounds on heat-kernel derlvatlves

Put E = [0E; and | = [6(¢ fO s,t)dsdt. Before absorption these are finite for the
presmoothed data; in particular the p051tlve scalar entropy identity gives | < E. Integrating
(2.12) and (2.14), then absorbing Ck~2I, gives

| < C(T +|¢)l1) + Cx2E

On the other hand (2.9) gives E < CT + (14 Ck)I. A second choice of sufficiently large fixed
k absorbs the coefficient C'(1 + Ck)/k? of E. Therefore

/ (1) / (1 + g(t.g)) dgdt < C(T +|9']1). (2.15)

This is the complete entropy closure. Quadratic smallness of the tensor error and linear
growth of the central entropy cost are both used.
2.5 Localization, rough measures and endpoints

Return to the measures in Theorem 1.1. Fix n € C°(92), 0 < n < 1, equal to one near K,
and put y = n%. On all space define

q = XV, Q = Xdlag(Aa -[2d+1)1/7

extending the finite measures by zero. The product rule, with @ = diag(A, Ir4+1)v, gives
exactly
TQ:atQ‘I‘ﬁ‘FDFO‘FGO, ﬂ:X,UZO,



(FO)a =2 Z(WbX)@aba GO = - Z(WaWbX)@\ab
b

a,b

Symmetry justifies the derivative ordering. On each time slice let ro; = dg + ¢;. These flux
measures satisfy

Indeed |V x|?/x < 4|Vwn|? on x > 0, while Wy = 0 where y = 0. All cutoff constants are
uniform in €. No absolute continuity of v is needed for this Radon—Nikodym calculation.

An ordinary group mollifier need not commute with the coordinate viscosity. Instead
choose a fixed sufficiently large presmoothing parameter xpr. and apply the exact regularizers
to these already localized measures:

g5 = Psq, Qs =55Q, ps=FsB, Fos=Usky, Gos=F5Go.

2

dF,
O dro, <C,  |Goyl(HY) < C. (2.16)

dT‘gyt

Their equation is unchanged in form. The scalar mass is at most one, the matrix cone is
enlarged by fixed factors only, 55 > 0, and (2.16) survives by positive-kernel weighted Jensen
and (2.5). The scalar source keeps its L' bound. The tensor cone comparison is with g itself;
no artificial finite density is inserted into the target measure. The baseline is introduced only
in the entropy proof.

Convolve also in time with a positive compact smooth kernel. Extend the localized slice
measures by zero outside (0,7) for this convolution, but use the equation only on interior
time slabs whose distance from the endpoints exceeds the convolution radius. There are
consequently no endpoint source terms. For each fixed compactly supported 0, the resulting
triples are smooth, have finite entropy by (2.2), retain all the preceding uniform bounds, and
satisfy the generalized equation on its support. Apply (2.15), with a second large parameter
chosen for the already enlarged cone. The constants are independent of both smoothing radii
and of €.

The bound is superlinear in the scalar density. On compact space-time sets, uniform
integrability and weak L' compactness identify the measure limit yv with a density. Both
scalar regularizers are approximate identities, so the weak measure limit is the original yv.
Convex lower semicontinuity gives the same entropy bound. Exhausting the spatial domain
and interior time interval identifies a single density p of v. Taking cutoffs §; — 1 on (0,7)
with 0 < 0; < 1 and [|0}1 < 2, and using Fatou, yields the estimate over the entire time
interval. Finally,

plog(1+p) < ®(1+p) +p,

and the total mass equals v((0,7) x Q) < T. This proves Theorem 1.1. O

3 A stationary power gain at zero viscosity

Let dcc be the left-invariant Carnot—Carathéodory distance for the displayed Heisenberg
fields, write B(g,r) for its open balls, and set ) = 2d 4+ 2. Haar measure satisfies |B(g,r)| =
vgr?, where vg = |B(e, 1)|. For ¢ > 0, the notation ¢cB means the concentric ball with radius
multiplied by c.

Theorem 3.1 (Stationary weak reverse Holder estimate). For everyd > 1 and 0 < A <A <
oo there are § > 0 and C' < oo, depending only on d, X\, A, with the following property. Let
Q c H? be open, let o, i be nonnegative locally finite Borel measures on Q, and let A be Borel
and symmetric with \I < A < Al o-almost everywhere. Suppose

[Lapdo = [dn (o cz@).
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Then o = pdx, p € L1+5(Q), and, for every B = B(g,r) with 2B C ,

loc
1/(146)
<][ p1+5) < C][ . (3.1)
B 2B

In particular, for every Borel E C B,

o(E) < C (Iﬂ o(2B). (3.2)

No doubling assumption on o and no bound on 11(2B) is imposed. The equation in this theorem
has € = 0.

We first extract the scale-invariant quantitative input from Corollary 1.2, and then prove
its self-improvement.

Lemma 3.2 (Relative entropy on every ball). Under the assumptions of Theorem 3.1, o =
pdz and there is H = H(d, A, \) < oo such that, whenever 2B C Q and m = o(2B) > 0,

B
/Bplog (1 + ”rrlp> < Hm. (3.3)

Consequently, for E C B Borel,

H

o) <o () oem, e —minfuvie

B } 0<s<1), (3.4)

with w(0) = 0. In particular w is nondecreasing and tends to zero at zero.

Proof. Local absolute continuity follows from Corollary 1.2: restrict to any relatively compact
ball and divide the finite mass by a positive constant to make it at most one. Such balls
cover ). If m = 0, all assertions on B are immediate. Otherwise put F(y) = ¢d,y, where
B = B(g,r), and define on B(e, 2)

r2

5:m_1(F_1)#(U|23), A=AoF, ﬁ: E(F_l)#(,u‘QB).
Left invariance and degree-one homogeneity of every horizontal field give

La(po F7Y)(F(y)) = r*Lze(y).

Thus L%0 = p = 0, d(B(e,2)) = 1, and the ellipticity bounds are unchanged. The source

is finite because 2B C (; its total mass is not bounded or used. The density is p(y) =
r@p(F(y))/m. Apply Corollary 1.2 with the fixed domain B(e,2) and compact set B(e,1).
Its constant is independent of g,r,m, A and p. Since

log(1 + vgt) <log(1l +t) + logmax{1,vg},

the resulting entropy bound is exactly (3.3), with a possibly enlarged constant H.

Put v = |B|p/m. Then f5ulog(l+u) < H. For s = |E|/|B| > 0, split E according
tou < s71/2 or u > s~1/2. These two parts contribute at most /s and H/log(1 + s~/2),
respectively, to o(E)/m. The elementary bound o(E) < m gives the minimum in (3.4). Null
sets have zero o-mass by absolute continuity. O

The following lemma includes both the Heisenberg metric and the product metric
max{dcc(z,y), |t — s|*/?} on H? x R. Their volume exponents are Q and Q + 2, respectively.
Stating it in this form separates the geometric argument from the differential equation.



Lemma 3.3 (A small-set modulus implies a weak reverse Hoélder bound). Let (X,d,m) be a
proper metric space with a Radon measure of full support, and suppose every open ball satisfies
m(B(z,r)) = vr? for fized v >0 and ¢ > 0. Fiz 7 > 1, k > 1, a ball By, and a nonnegative
w € LY(kBo,m). Suppose a nondecreasing function w : [0,1] — [0, 00) with w(s) — 0 as s} 0

satisfies
Awdmﬁw(nnﬁg)[l)wdm (3.5)

for every ball D with TD C By and every Borel E C D. There are 8 > 0 and, for every
0 < s <8, a constant Cy, depending only on q, T, k,w, s, such that

1/(1+s)
<][ wlts dm) < C, 7[ w dm. (3.6)
Bo Kk Bo

Only the volume measure m is doubling; the measure wdm need not be doubling.

Proof. Write By = B(xo,79) and M = f,{BO wdm. The case M = 0 is immediate. Extend
f = wlp, by zero to X, and let M f be the uncentered maximal function over open metric
balls. The usual disjoint-ball selection gives

m{Mf > a} < 2|l (37)

Here is the relevant geometric content. From a family of balls of bounded radii one selects
disjoint balls D; whose fivefold dilates cover its union, by selecting maximal disjoint collections
in decreasing dyadic radius ranges. Apply this to balls with f-average greater than a; their
radii are bounded by (|| f|1/(va))/9, and >-;m(D;) < | flli/a. The exact volume law gives
(3.7). The same bound, approximation of L' functions by continuous functions, and continuity
on shrinking balls prove the Lebesgue differentiation theorem for m. In particular w < M f
almost everywhere on By.

Put O, = {Mf > a}, which is open because the maximal function is uncentered. If
x ¢ k'By, where £/ = (1 4+ k)/2, a ball containing = and meeting By has radius at least
(k — 1)ro/4. Tts f-average is consequently at most (4/(k — 1))?M/m(By). Choose a fixed
co > (4/(k —1))? and set

ag = CoM/m(Bo).

For a > aq it follows that O, C x’By C kBy; the first closed set is compact by properness.

We now describe a Whitney covering of each nonempty O,. Let p(x) = d(z, OS) and choose
a fixed L > 100(1 + 7). Apply the disjoint-ball selection to b, = B(x,p(x)/L). We obtain
pairwise disjoint balls b; with D; = 5b; covering O,. If D; = B(xj,r;), then r; = 5p(x;)/L
and

7D; C O,.

Moreover these dilates have bounded overlap, say at most N = N(q,7). To verify this, if
y € TD; N 7D, the one-Lipschitz property of p gives

Io(2s) — pla)| < (o) + play)).

Thus all radii of dilates through one point are comparable by a fixed factor. Their disjoint
inner balls b; lie in one ball with radius a fixed multiple of any of these radii. Comparing
their volumes vr? bounds their number by N. This is a statement about volume alone.

Properness supplies a point z; € OF with d(z;, z;) = p(x;) = (L/5)r;. Since Mf(z;) < a,
a ball centered at z; of radius (L/5 + 4)r; gives

/3 fim<Cam(D). i = Cila.r) (3.8)
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If an averaging ball of radius at least r; contains a point of D;, enlarging it by the fixed factor
L/5+3 makes it contain z;. Its average is therefore at most Aga, for a fixed Ag = Ao(g,7) > 1.
If A> Ap, a ball witnessing Mf > Aa at a point of D; must have radius less than r;; it is
then contained in 3D;. By (3.7) applied to f13p; and (3.8),

m(OaqND;)  Co
—_——= < —, Cy = Cs(q, 7).

m(D;) T A 2= Gle)
Choose A > max{Ag, Ca,1} so large that Nw(Ca/A) < 1/2. Apply (3.5) to O4, N Dj, sum
over the covering, and use the bounded overlap of 7D; C O,. This gives the weighted level-set
decay

1
/ wdm < / w dm (a > ap). (3.9)
OAa 2 Oa

The integrals here use the original w throughout O,, including any part outside By. They are
bounded by the same outer mass M.
Set 6 = log 2/ log A. Iteration of (3.9) and differentiation on By yield, for R > ay,

/ wdm < 2M(R/ag)~".
{zx€Bo:w(xz)>R}

Tonelli’s theorem applied to the weighted layer-cake formula now gives, for 0 < s < 0,

2
/ w!™ dm < (1 + 5) Maj. (3.10)
Bo 6 — S

Since ag = coM/m(By) and m(kBy) = k%m(By), thisis (3.6). At no step was a weight-doubling
inequality used. O

Proof of Theorem 8.1. Apply Lemma 3.3 to w = p on 2B, with ¢ = Q, 7 = kK = 2, and the
modulus in Lemma 3.2. Every Whitney testing double is compactly contained in 2B, so its
relative entropy estimate follows by restricting the same equation. Taking, for example, § =
0/2 proves (3.1). Holder’s inequality on E C B gives (3.2), after changing the constant.  [J

Proposition 3.4 (Coordinate viscosity prevents a uniform Carnot-ball estimate). For every
d > 1 and every s > 0, estimate (3.1) with exponent 1 + s cannot hold with one constant on
all Carnot balls for the class Lo 4+ Acoorad = it > 0, even when A =1, Q = B(e, 1), and
both measures have smooth densities with o(2) < 1 and pu(2) < oo.

Proof. Write h = (z,y) € R", n = 2d, and for a > 0 set

h|? V2
palh, z) = exp <—’2> cosh (nz) i
2a a

For functions radial in h, the rotational cross term in the Heisenberg sublaplacian vanishes.
Direct differentiation therefore gives

2 2 2 2
(LI + Acoord)pa —9 <|h| . 7’L> + <1 + |h|> 2£ _ 2|h’ + n|h’

> 0.
Da a*  a? 4

a? at 202

The operators here are self-adjoint, so these are admissible positive smooth densities with a
nonnegative smooth source on ().
Take a = 72 and let r | 0. Elementary horizontal paths give

{|h| < r/4, |2| < r?2/64} C B(e,r) C {|h| < r, |z| <r?/2}.
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For the first inclusion, make a horizontal square loop of length 4\/9 producing central dis-
placement z, and then a straight horizontal segment of length |h|. For the second, along
a horizontal path of length less than r one has |h| < r and |z| < %f\hHh[ < r%/2. On
B(e, 2r) the hyperbolic cosine in p,2 is bounded by a constant depending only on d. Gaussian
integration and the inner box thus give

/ pr2 < Cyr®™t2) / P > gt
B(e,2r) B(e,r)

Because |B(e, )| = vgr"t?, their reverse Holder ratio is at least cg o~ ™/(175) which tends to

infinity. Divide each density by its finite integral on €2 to give mass one; the ratio is unchanged,
and its smooth nonnegative source remains finite. This proves the claim. O

Remark 3.5. The obstruction concerns the scale-invariant estimate on fixed Carnot balls. It
does not contradict the local entropy estimate, uniform in 0 < e <1, in Corollary 1.2. Under
a Carnot dilation the central coordinate viscosity has coefficient ¢/r? after normalizing the
horizontal operator; left translation also shears the coordinate directions. Thus that viscous
class does not have the exact covariance used in Lemma 3.2.

4 A parabolic power gain at zero viscosity

The stationary improvement has a space-time counterpart. The slice mass bound in Theo-
rem 1.1 also allows the gain to be integrated all the way to both time endpoints.
For a = (to, go) define the parabolic balls

Q,(a) = (to — r%,to + 1) x B(go,7).
They are the balls of the proper metric
dp((t,9), (s,h)) = max{|t — s|"/, dcc(g, b},
and |Q,| = 2v4r%*2, where Q = 2d + 2 as above.

Theorem 4.1 (Parabolic higher integrability). Under ezactly the hypotheses of Theorem 1.1,
assume in addition that € = 0. There are g > 0 and Cy < 0o, depending only on d, A\, A, such
that, for every parabolic ball with Q. (a) C (0,T) x Q,

1/(14-60)
7[ pto < Cy 7[ p. (4.1)
Qr(a) Q?r(a)

0 < ¢ < min{dp,2/Q}

Moreover, for every

and every K € (),
T
/ /p1+5 dgdt < C(T,K,Q,d,\ A, 0). (4.2)
0 K

In particular, one may choose a positive § depending only on d, A\, A. Neither estimate requires
an initial density or initial entropy bound, and both constants are independent of A, v, .

Lemma 4.2 (Normalization on a parabolic ball). Under these assumptions there is a nonde-
creasing modulus wp(s) — 0 as s | 0, depending only on d, \, A, such that

£
v(E) < wp <|Qr(a)|> v(Qyr(a)) (4.3)

whenever Qy.(a) C (0,T) x Q and E C Q,(a) is Borel.
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Proof. By Theorem 1.1 we already have a density. Write M = v(Qy,(a)); the case M = 0 is
immediate. Choose a fixed smooth cutoff on the group, equal to one on B(e,2), supported in
B(e,3), and taking values in [0, 1]. Translation and dilation give a cutoff x equal to one on
B(go, 2r), supported in B(go,3r), and satisfying

|Lax| < COr2

on this support for v-almost every point. The constant uses no derivatives of A. Put F(t) =
| x dv;. Testing the equation with products of a time test and y shows, on (to— 1672, to+1672),
that

F' = G(t)dt — py, G(t) = /LAdet, oy > 0.

Here p1,, is the time projection of xu. Thus F' has a locally bounded-variation representative,
and for almost every pair of Lebesgue times s < t,

F(t) < F(s) + Cr? / o (Blgo, 31)) dr. (4.4)

Averaging on the past interval (tg — 1572,y — 9r?) supplies a Lebesgue time s with F(s) <
M/(6r?) for which (4.4) holds for almost every later time. Consequently a fixed ¢, > 0 gives
vi(B(go,2r)) < c.M/r? for almost every t € (tg — 412, to + 4r2). (4.5)

The sink sign is exactly what permits this estimate without a source-mass term.
Set F.(h) = god,-h and introduce, for —4 < s < 4,

Vs = C*M(Fr_l)#(Vto+r23|B(g0,27‘))'

These measures have mass at most one on B(e,2) by (4.5). Their space-time density is
rQ+2

Pt s o (h).

ﬁ(svh) =

The transformed matrix is A(s, h) = A(to + r2s, Fp(h)). Writing F(s, h) = (to 4 r2s, F.(h)),
the transformed source is

- r? 1

n= M (-7: )# (M’(t0—4r2,t0+4r2)><B(go,2r))-

It is finite and nonnegative. The horizontal homogeneity, together with the time scaling,
verifies the same weak parabolic equation with ¢ = 0 on (—4,4) x B(e,2), and the same
ellipticity constants. Applying Theorem 1.1 there (after a time translation) gives

/ plog(1+p) <C.
Q1(0,e)

Changing variables and adjusting the fixed factor 2vg4c, yields
/ plog <1 + |Qr(a)|p> < HM, (4.6)
2 (@) M

where H is universal for the stated parameters. In this adjustment we use v(Q,(a)) < M and
log(1+bu) < log(14u)+log max{1,b}. Splitting at the level u = s~ /2 with u = |Q,(a)|p/M
proves (4.3), with

H

CL)P(S) = m1n{1,\/§—|— W

} (0<s<1), wp(0) = 0.
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Proof of Theorem 4.1. Apply Lemma 3.3 in the parabolic metric with volume exponent )+ 2,
input dilation 7 = 4, and outer dilation k = 2. Every testing ball whose fourfold dilation
is compactly contained in Qo (a) satisfies Lemma 4.2. Choosing a fixed exponent below the
lemma’s threshold proves (4.1), with constants depending only on d, A, A.

We give the endpoint summation explicitly. Fix K € € and choose p > 0 such that
B(g,4p) € Q for every g € K. For j > 1 put

a; = T2_j_1, Jj = (aj, 2(1]')7 Ty = min{p, \/CTJ/S}

The intervals J; cover (0,7'/2) up to endpoints; their reflections T'— J; cover (17/2,T). Cover
K by balls of radius ; with centers in K whose doubled balls have bounded overlap, uniformly
in j. Such a cover follows by taking a maximal r;-separated set and using the exact ball volume
law. Cover J; by time intervals of radius 7"]2-, centered in its closure, whose intervals of radius
47“]2 have bounded overlap. The product cover consists of balls Q. (aj¢), and the doubled
parabolic balls have bounded overlap. They are compactly contained in (0,7") x Q. Their
times lie in an interval of length at most Ca; inside (0,77). The same assertions hold for the
reflected strip.

For 0 < 0 < do, Holder’s inequality first lowers the exponent in (4.1) to 1 + 6. If Mj, =

v(Qar;(aj¢)), this gives
/ It < CT;(Q+2)5 Mjlzré_
Q'r‘j (ajl)

The original slice mass bound implies

Mjg < 87”?, ZM][ < Caj.
14

Therefore, for either endpoint strip,

/]/}<p1+5 < Cajr;Q‘s, (4.7)
i

with J; replaced by T' — J; when appropriate. Only finitely many j have r; = p instead of
r; = /a;j/8. The tail of the series in (4.7) is bounded by a constant times

1-Q5/2

aj s

J
which converges for § < 2/Q. This proves (4.2), with the asserted dependencies. For example
d = min{dp/2,1/Q} is an admissible choice depending only on d, A, A. O

Remark 4.3. The restriction 6 < 2/@Q in the full-time conclusion arises from the summation
near a possible singular initial measure. The interior estimate (4.1) is stated with its indepen-
dent exponent dy. No claim of optimality of either exponent is made. The power theorems
in this note concern € = 0; the uniform conclusion for the entire interval 0 < ¢ < 1 is the
entropy theorem.

5 A limit on possible higher-integrability exponents

An entropy or small-power estimate does not extend to all finite powers, even on the first
Heisenberg group. We prove this with one exact stationary family, allowing every prescribed
ellipticity ratio greater than one. Its integrability threshold is explicit; no assertion that this
threshold is optimal for the entire class is needed or made.
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In this section

X =0, - %az, Y:ay+gaz, dg = dz dy dz,

and
Lap=a11X%p+ a(XY +YX)p+ anY?e.

Stationarity means [ pLapdg = 0 for every compactly supported smooth test. Thus both
the sink and the additional Euclidean viscosity are zero throughout this construction.

Theorem 5.1 (Exact obstruction at every contrast). Fiz 0 < A < A < oo, write L = A/),
and set

4L

Qo ={z"+y*> <1, 2| <1}, Ko={2*+y* < 1/4, |2 < 1/2}, ETf A,

There exist a nonnegative probability density p € L*(Qg) and a Borel symmetric matriz A,
with Al < A < A, such that
Lap=0 inQy,  p¢L™(Ko).

There also exist smooth strictly positive probability densities p; and smooth symmetric matrices
Aj, with the same bounds, such that

E*A]_pj =0, pj —> P in LI(QO), / pj* dg — oo. (5.1)
Ko
For every fired 1 < s < s,

p € L*(Qp), Sup/ p;dg < oo. (5.2)
J JQ

Consequently this family has uniformly bounded entropy. At L = 3, it excludes even qualitative
local L? membership, as well as uniform local L? bounds for smooth stationary densities.

Proof. The density and stress. Put
C:Q}+7:y:7‘€i€, u:?“2/47 D:u-iz7
and choose

L—-1 n 67

2n+1

= —7 a=48—2n = < 3. (5.3)

For r > 0 define

(5.4)

oD _
g = u"(u2 + 22) 78, w — ,iqe—m@57 Q= <q+Rew Imw > ‘

—Imw ¢g—Rew

Give ¢, @ the value zero on the vertical axis, a null set. Since |w| = kg, the eigenvalues of @
are (1 —k)g and (14 x)g. With ¢ = (A+A)/2, the matrix A = ¢Q/q therefore has eigenvalues
exactly A, A off the axis; set A = ¢l on the axis.

Let Z=X+iY, Ag = X?2+Y? and

TQ = X?Q11 + (XY +YX)Q12 + Y?Qon.
The fields are divergence free and

TQ = Apq+ Re(Z%w). (5.5)
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Here the minus sign in the off-diagonal entry of @ is essential. We verify cancellation explicitly.
Write v = u? + 2z2. On radial functions, Ay = 0y + u(Oyy + 0.2), 50

Anq _ n?

T 42628 -2 - 1)%.
For P = 9, + i0, and any radial f,
Z2(C7f) = 8F + 16uPf + 4uP%f.
Substitute f = (/i/4)u”_1D1_BE_1_6, so that w = ZQf. Differentiation gives

Re(Z%w) _ s D - 2%)
q UV

u
(- 1E-n-D2.
Using k = n/(n + 1), their sum factors as

TQ 4(2n+1) n(n+2) n+1\u
e ) ) e .

Thus the equation holds pointwise off the axis.

The equation across the singular set. Both ¢ and @ are homogeneous of degree —a under
Sa(z,y,2) = (ax,ay,a’z), whose volume factor is a*. They are locally integrable: on a
compact intrinsic annulus the functions are bounded, including near the axis, and a < 4. Let
D = TQ as a distribution. For a test ¢ supported away from the origin, multiply by a smooth
horizontal cutoff equal to one on r < a and zero on r > 2a. Since ® vanishes off the axis and

|Q| < Cr?" near the axis on this support,

(D, p)| < Ca_Q/ 2 dx dy dz < Ca® — 0.
r<2a
Hence © is supported at the origin.
If ¢(0) = 0, use a smooth cutoff equal to one near the origin and supported at intrinsic
radius 2a, obtained from a fixed cutoff by ¢;,. On its support |¢| < Ca; the horizontal second
derivatives of the product are bounded by C'/a. Homogeneity gives

(D, )| < Cala'™ = Ca®™® — 0.

It follows directly that © = bdg for a constant b: its value on a test depends only on the test’s
value at zero.

It remains to compute b; pointwise cancellation alone would not justify discarding it.
Take p(z,y,z) = ¥(v), with ¢» € C°(R) equal to one near zero. The symmetrized horizontal
Hessian of v is 3ul, and |V ygv|? = 4uv. The vector V gv is an eigenvector of Q with eigenvalue
(1+ k)gq, as follows from (5.4). Therefore

b= (D.0) = [ afbu'(e) + 401 + wuoe(v)} dg.

After angular integration dx dy = 47w du. Now use u = tcos?, z = tsind in the right half-
plane, and then v = t2. With

/2 9 _
C :/ cos" 9 dv, v = 04’
—7/2 4
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integration by parts gives
b= 270, {6 — 4(1 + R)(y + 1)}/ VT () dv = 0.
0

There are no endpoint terms because ¢’ is supported away from zero and infinity. The
coefficient vanishes because o = 6x/(1 + k). Thus 7Q = 0 on the whole group, with no point
or line source.

Normalization, powers, and smooth examples. Set M = fQO q dg, which is finite and positive,
and p = q¢/M. Since Ap = ¢Q/M, this is a stationary probability density for the prescribed
bounds. On an intrinsic neighborhood {u?+ 22 < b} of the origin, the same polar coordinates

give, for every s > 0,
/2 b
/qS dg = 4m / cos™ ¥ d / thes/2 gy (5.7)
—7/2 0

The angular factor is finite and positive. The radial integral is finite precisely when s < 4/a =
Sk, and diverges logarithmically at equality. Away from the origin, ¢ is bounded on bounded
sets. This proves both the claimed subcritical membership and failure at the endpoint.

For completeness, use the group law

(xayv z)(xla ylv Z/) = <$ + xlv Y+ y,7 Z+ 2 + (xy' - y.’L'/)/2)

Choose a nonnegative p € C°(R3) of integral one, positive near the identity, and let ps =
5 4pod; /5- Define left convolution explicitly by

as(g) = / ps(Wa(h g dh,  Qslg) = / pa(W)Q(h~g) dh.

Left-invariant derivatives in g act on the right factor, so TQs = ps * (T Q) = 0. Convolution
preserves the matrix inequalities and makes both functions smooth, with gs > 0. Hence

As = cQs/ s, Ms = / g5 dyg, ps = qs/Ms
Qo

are smooth and have all the required coefficient and stationary properties. Local approximate-
identity convergence gives g5 — ¢ in L'(Qp), so Ms — M > 0. Choose any sequence 4, |
0 small enough that M, > M /2. For fixed 1 < s < s, Jensen’s inequality and Haar
invariance bound fQO qgj by the integral of ¢° on one fixed bounded larger neighborhood.
This proves (5.2). Pointwise convergence off the axis and Fatou’s lemma applied on K give
lim inf; fKo pf;; = o0, proving (5.1). Finally, tlog(1+¢) < Cs(t +t°) and any fixed subcritical
s > 1 prove uniform entropy. ]

Remark 5.2. For each fixed L > 1, a universal local strong L® theorem for this stationary class
on H! must have s < s,. The example rules out all s > s, because K has finite volume. It
does not identify the largest universally available exponent below s,, and it does not contradict
entropy or a sufficiently small gain above L!. These are zero-viscosity examples; smoothness
of the approximating coefficients is accompanied by no uniform derivative bounds.
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