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Abstract

The exact admissible range is (max{(n +2)/2,n[1 — (n—1)d]}, 00). The upper bound follows
from a sharp matrix inequality modulo positive Hessian boundary fluxes, integrated over shifted
(n — 1)-Hessian Dirichlet resolvents. Convex source decomposition supplies the required Mellin-
energy estimates. A ball inverse yields the maximum estimate by expanding-annuli localization
and an interior approximation to the precise measurable coefficient class. Explicit normalized
constructions exclude every smaller exponent and both possible critical endpoints.

1 Exact statement and proof structure
Fix an integer n > 2 and 0 < 6 < 1/n. Let
Bi={zeR":|z[ <1}, Qi1=B1x(01),
with Euclidean norm, and let
Opar@1 = (B1 x {0}) U (9B; x [0, 1)).

Throughout, the coefficient class is exactly all Lebesgue-measurable symmetric fields A = (a;;) on
()1 such that almost everywhere

trdA=1, ¢TAE > 5|¢)* for every € € R™. (1)

Set
PAu:ut—Zaijuij, Azl—(n—l)é, N =n+2, pC:N/Q.
i?j

Thus every allowed A also satisfies A < AI. A finite p > 1 is admissible if a constant depending
only on n,d, p bounds
max |u| < C HPAUHLP(Ql) (2)

1

for every such A and every real-valued
wueC@)NC*(Q), u=00nGuQ,  Pauc LP(Q1).

Here C%! means twice continuously differentiable spatially and once continuously differentiable in
time; no boundary derivative bound or additional Sobolev assumption is imposed.



Theorem 1.1 (Sharp range). With precisely these hypotheses,
n+2

E (1, 8) = (max{ nll = (n— 1)5]} ,oo) .

For every excluded p € [1,00) there are smooth admissible matrices A; and functions satisfying the
stated boundary and reqularity conditions such that

max |u;| = 1, HP u‘
gl A ZICN)

In particular the infimum is the displayed maximum and is never admissible.
The upper argument will first establish a zero-boundary ball inverse at any auxiliary exponent
2<r<n, r>nA (n>3). (3)

Dimension two has a direct » = 2 inverse. A separate elementary localization then requires only
p > r and p > p.. Finally an interior approximation transfers the estimate to exactly (1) and the
test class above.

2 Elliptic inputs and shifted Hessian energies

Assume for now n > 3 and put m = n—1. For a symmetric matrix H, let o;(H) be the unnormalized
jth elementary symmetric polynomial, g = 1, and put

Write I'; for the Géarding cone containing the positive definite matrices, equivalently the component
on which o1,...,0; are positive. We use its standard convexity, ellipticity, Maclaurin inequalities,
and Newton-tensor identities. The two analytic elliptic inputs are the following classical theorems,
in these precise forms:

1. On a ball, a smooth strictly positive right side has a smooth zero-Dirichlet j-Hessian solution in
I'j, unique in that branch. The linearization at each fixed such solution is strictly elliptic. This
is the classical Caffarelli-Nirenberg—Spruck Dirichlet theorem [1]; balls satisfy its boundary
curvature hypotheses.

2. For a zero-boundary j-admissible potential on Br, with H; (u) = f(—U)Pj(DQu),
ol ey < Clon )R D506, 0

This is the indicated exponent of the Hessian Sobolev inequality [2]. The theorem permits this
exponent for every 1 < j < n; for j > n/2 it even permits the supremum norm. No endpoint
beyond (4) is used here.

All later constants are independent of the elliptic solution’s derivative bounds. Those bounds are
used only to justify identities for fixed smooth data.
Fix a ball D = Bg, a smooth nonnegative w on its closure, and 7 > 0. Let u, = 0 on 9D solve

Pp(D*u, +7I) =™ =w,  D*u,+7I €T, (5)



Indeed v = u, + 7(|z|*> — R?)/2 is the usual m-Hessian potential with right side w + 7 > 0. Thus
even when w vanishes, every fixed positive 7 is nondegenerate. Maclaurin gives

Au; > nl(w + Tm)l/m —7] >0, ur <0, Oyur > 0. (6)

If ug is the unshifted potential for positive data, comparison gives ug < u, < 0.

The polynomial in (5) is
Z ( ) ™I Pi(H).

Define on the convex shifted-admissible zero—boundary class

m

(7))
u):jz::lj+17'

[ (upy(D).
D
The divergence-free Newton tensors and zero-boundary variations give

— / hL,(D?u), (7)
D

D2J, (w)[h, h] = / DPy(D*u+ 71)[Dh, Dh] > 0 (h #0). (8)
D
Thus the solution maximizes the concave functional [(—u)w — J-(u). Its value

Pr(w) = [ (—urw—Jr(u) g

is nonnegative and convex in w, has F-(0) = 0, and satisfies

DF(w)h) = [ (~u-h (10)

These follow also by differentiation, since (7) cancels the variation through .. Smooth dependence
holds locally for each fixed positive 7 by the elliptic linearization. Integrating (10) along a positive
amplitude ray and using comparison gives

m

< 2 (m+1)/m '
(o) < CuF ] (1)

0 < Fr(w) < Fo(w) = Lim+1)/m

The final inequality follows from (4) and Holder; the nonnegative-data version follows by approxi-
mation from w + €.

Lemma 2.1 (Quadratic bound). Every shifted-admissible zero-boundary potential obeys

m

m—1 2
_— D .
n(m—i—l)T 1Dullz:

Jr(u) >

Consequently
n(m+1)

F(w) <
(w) < = —

T w1 (py < CuRP ™ w72 (p) - (12)

Proof. Put K = D?u+71. Along the segment from zero to u, its shifted Hessian is K; = (1—t)7I+tK.
For each unit e, the derivative of P,, in the rank-one direction e ® e is the normalized o,,_1 of the



compression to e. Its shifted polynomial has nonnegative coefficients because K € T'y,. Retaining
only its constant term gives

DP,, (K > —
m( t)[€7e] = (77711) n

Equivalently this follows from positivity of all lower Newton tensors on I',,,. Since J;(0) = D.J;(0) = 0,

Taylor’s integral formula and (8) yield the factor (m/n) f) (1 —t)™dt = m/[n(m + 1)]. Taking the

supremum of the linear-minus-quadratic expression over all H}(D) gives the first bound in (12) by

completing the Hilbert-space square. Poincaré gives the second. O

3 Mellin source estimates in the full real range

Fix 1+ +
0<s<m-—1, o= S, g=1+a, r=2_07% (13)
m a 1+4s
Thus 2 <r<nand g=r/(r—1). Put
o0 o0
Fs(w) = / T (w)dr, Us(w) = —/ 5y (w) dr.
0 0
Lemma 3.1 (Energy and potential mapping). For smooth nonnegative data,
Fy(w) < Co R [w]f,  (1Ws(w)llzr < CosR? w]lfy" (14)

Both quantities are nonnegative, and V4 vanishes on the boundary.

Proof. Choose a smooth 6 : [0,00) — [0, 1], equal to one on [0, 1] and zero on [2,00). For each 7
split
wy = wl(w/T™), wp, = W — wp.

Convexity, (11), and (12) give, with g9 = (m + 1)/m,
Fr(w) < L (2wy) + 3 F-(2wy) < C R |:7'1m/ w? +/ wqo] :
w<2t™m w>Tm

For a scalar a > 0, Tonelli reduces the two Mellin integrals to

al/m q 00 (m—1—s)/m

a 2
aqO/ ldr = —, a2/ 75 dr = —af.
0 s (aj2)1/m m—1—s

This proves the first estimate in every dimension; no reversed interpolation between endpoint norms
is used.

For bounded data 0 < w < M, comparison with the quadratic having Hessian cI, where
c= (7™ 4+ M)V/™ — 1, gives

0< —up(z) < L(R? — |of) min {Ml/m, M} . (15)

mrm—l1

The Mellin integral converges uniformly, has zero boundary values, and is bounded by C,, s(R? —
|z|2)M9~L. For a finite parameter interval [e, L], differentiating the convex energy gives its potential



first variation. The positive directional convexity inequality then gives, for h > 0 and A =
lwlla /IRl Lo,

Fo.r(w—+ Ah) — Fsop(w -
[ enlwpn < <0 AN = Fee0) < oncs, B2 o551 0.

The zero-data case is immediate. Monotone convergence in the positive potential and positive L”
duality prove the second estimate in (14). This finite-parameter argument does not require uniform
Hessian convergence at 7 = 0 when w vanishes. O

4 The sharp matrix envelope and its Mellin integral

For a symmetric H define the null-minor polynomial

det(H+7I) -7 r H—7" 1<
N (H) s PIl) (16)
For X > 0 put
T (X)) —71" —nt™T (X
To(X) = (7 4 X)Um —r, Ry(x) = LE IO 2 T2 w5

n

Lemma 4.1 (Pointwise sharp envelope). Suppose K = H + 711 € 'y, and Py, (K) = w + 7™ with
w > 0. For every matriz in (1),

wA : H—N-(H) > wT:(nAw) — R;(nAw). (17)

Proof. Let £ be the least eigenvalue of K, and write its other eigenvalues as yi,...,%n. They
are strictly positive. One direct justification is to consider Q(t) = det(tI + K). Because
01(K),...,on—1(K) > 0, its derivative is positive for ¢ > 0. Two nonpositive eigenvalues of
K would give two nonnegative roots of @, counting multiplicity, and hence a nonnegative root of Q’
by Rolle’s theorem, a contradiction. Put

S = Zyi, P:Hyi, C=o0nK)=n(w+1m).

The minimum of A : H is obtained by putting A in the least eigendirection and ¢ in the others.
Apart from constants depending only on w, 7, the left side of (17) is therefore

aS + (wA + 7" /n)l — LP/n, a=wd+71"/n>0, (18)

under C' = P + lop,—1(y).
Fix ¢ and let v > 0 be the positive-value root of

V™ 4+ mb™m ! = C. (19)

For ¢ < 0 this root lies above —m¥, where the left side is strictly increasing; for ¢ > 0 it is increasing
for all positive v. Also v > £: if £ > 0, the original ordering gives C > nf™, and otherwise this is
immediate.

If ¢ <0, arithmetic-geometric mean applied to 1/y; gives C' < P + mlPm=1/m hence P > o™
and S > mv. Both aS and —¢P/n in (18) are then minimized by equalizing the y; to v. If £ > 0,
the same inequality gives P < v, whereas Maclaurin at fixed sum gives

C < (S/m)™ +ml(S/m)™ 1,



so again S > muv, and the same conclusion follows. The replacement (¢,v,...,v) remains in I'},:
in the negative case (19) gives ¢ > —v/m, which is its strongest required elementary-symmetric
inequality. Thus the full matrix minimum reduces rigorously to equal upper eigenvalues.
Write W = w 4+ 7™ and parameterize this curve by
nW —o™ 14 (m—1)nW/o™
(v) = —— l'(v) = — ( W/ <

, 0, X=uv"-7"
mom—1 m

Its admissible range is X > w, equivalent to ¢ < v. For the resulting scalar remainder G(v) = wA :
H — N(H), with the minimizing A, differentiation gives

G'(v) = (wA — X/n)(¢'(v) —1). (20)

For verification, its ¢ coefficient is wA — X/n; the remaining derivative is exactly its negative,
leaving (20). Since ¢/ — 1 < 0, the unique minimum is X = nAw, which is allowed because nA > 1.
Substituting there yields

[w(l—=A)+ (m/n)T™])(v — 1) — TAw = WT> (nAw) — R-(nAw).
This proves the claim. When w = 0 the same minimum is at H = 0 and has value zero. O

Lemma 4.2 (Exact scalar Mellin cancellation). With (13), put

0 _Bl/m(m-1-9/m)
’ m(s+1)
Then
[ee]
/ TIT(X) dr = G s X, (21)
0
/ T UR(X) dr = Crp g~ X (22)
0 q
Consequently the integral of the right side of (17) is
cw, ¢y = Oy s(NA)*(1 —nA/r). (23)

It is positive exactly when r > nA.

Proof. Differentiate the first positive integral with respect to X and substitute 7 = X/™¢. The
beta integral is

%B(s/m, (m—1—s)/m)X*1,

Integration from zero proves (21). All endpoint integrals converge because 0 < s < m — 1. Direct
differentiation gives Ox R, (X) = X0xT7(X) and R,(0) = 0. Tonelli, with nonnegative integrands,
therefore proves (22). Using X = nAw gives Cp, X *[w — (a/q)X], which is (23). In particular no
separately divergent scalar terms have been subtracted. The absolute integral of the envelope is
bounded by the sum of the two positive integrals and hence by Cw9. O

For any smooth zero-boundary w on a ball with a = d,u > 0, Newton’s divergence identity gives

(i) -
(D) = —L / 7> 0. 24
/BRUJ( g JRIT Jop, 7 24
Indeed jo; = 0;(o

; u;), the gradient is av on the sphere, and the tangential Hessian is (a/R)I. This
proves the formula regardless of the interior sign of the minor. In particular (6) and (16) show that
all the null-minor terms in Lemma 4.1 have favorable integrated sign for u = u.

ij



5 The strong ball inverse

Proposition 5.1. Forn > 3 and every r in (3), every smooth coefficient field satisfying (1) has
the estimate

||UHLT(BRX(a7b)) < K(n,é, T)RQ ||PAU||LT(BR><(a,b)) (25)

for its zero-initial, zero-lateral solution. The constant is independent of R, b — a, and coefficient
derivatives. In dimension two the same assertion holds at r = 2.

Proof in dimensions n > 3. Choose s = (n —r)/(r — 1), so (13) holds and ¢, > 0. First consider
the forward killed adjoint equation, with smooth nonnegative source f, zero spatial boundary values
and zero initial data:

Wy = 81'8]'(&,']'1,0) + f.

Classical smooth linear theory gives a nonnegative solution, smooth up to the boundary for
compatible data. It suffices initially to take f smooth, spatially supported away from the boundary,
and zero near initial time. For each positive 7 its shifted potential is nondegenerate even where
w = 0.

Fix 0 < e < L < oo and write

L L
E. (w) :/ TS_IFT(w) dr, U, 1 (w) = —/ Ts_lur(w) dr.

€

The classical finite-parameter chain rule and (10) give

L
iEE,L(w) +/ 7'8_1/ wA : D*u, dzdr :/ U, r(w)f.
dit e D D

There is no boundary term: both u, and the original density w vanish on the spatial boundary.
Apply Lemma 4.1 and (24), then integrate in time. The final energy is nonnegative and the initial
energy is zero. Let € | 0 and L 1 co. The energies and nonnegative forcing terms pass by monotone
convergence. The explicit scalar envelope passes by dominated convergence: Lemma 4.2 bounds its
absolute parameter integral by Cw?, and this fixed smooth evolution is bounded on a finite cylinder.
It follows that

b b
Fw®) +e [ oy, it < [ [ vy (2)

No limiting Hessian at 7 = 0 and no regularization w + n were used. By Lemma 3.1, Holder in
space and time, and 1/q + 1/r = 1, the right side is at most

—1
Cp s R? 11T (D o)) 1 La(Dx (@) -

After discarding the final energy and dividing when the density norm is nonzero, this gives

HwHLtI(DX(a,b)) < C(n, 9, T)RQ Hf”Lq(Dx(a,b)) :

Positivity extends this estimate to signed data by domination and approximation. Time reversal
followed by ordinary adjoint duality gives (25). The coefficient cone is unchanged by time reversal.
All constants in the resulting estimate depend only on the displayed parameters. Smoothness bounds
were used only for each fixed equation and finite-parameter identity, not in its inequalities. O



Proof in dimension two. For each nonnegative adjoint density w, solve Au = w on Br with u =0
on the boundary. Let A\; < Ao be its Hessian eigenvalues. Since w = A1 + Ay > 0,

wA : D*u > dw? + (1 — 20)wh; = dw? + (1 — 26)(det D?u + A2).

Formula (24) gives a nonnegative integral of the determinant, so [wA : D?>u > § [w?. The dual
Poisson energy F(w) = % [|Du|? has first variation —u, and Poincaré gives |lul|;2 < CR? ||w]| ..
The same adjoint integration by parts therefore yields the zero-initial L? inverse. Here the Poisson
problem is nondegenerate without any parameter or source regularization. Duality proves the

asserted primal estimate at r = 2. ]

6 Local homogeneous control from the contact estimate

We record the elementary parabolic ABP form used both here and in the final approximation. On
Bpg % (a,b), a smooth v satisfies

supv < sup v + C(n, §)RY "D |[(Pav) o || o - (27)
par
Its constant does not depend on b — a. Moreover, when the parabolic boundary values are
nonpositive, the integral can be restricted to the positive global parabolic upper contact set. For
completeness, subtract the boundary supremum and put M = supwv > 0. For every |¢| < M/(4R)
and h € (M /4, M/2), the first time at which max,(v(z,t) — £ - z) reaches h gives an interior contact.
The map
(z,t) — (Dv,v — - Dv)

therefore covers a set of volume |B;|M"™+1/(4"*1R™). On these contacts v; > 0, H = —D?v > 0,
and its absolute Jacobian is v; det H. The n eigenvalues of AY/2H A'/? together with v; have sum
Pav. Arithmetic—geometric mean and det A > 0™ give

(Pav)iH!

det H < ———2 |
veae ~ (n+1)ntlsn

The area formula proves (27), with the contact restriction. The calculation can first be performed
for fully smooth v. Local mollification converging uniformly with vy, D?v extends the unrestricted
estimate to C%! functions on compact cylinders, also for measurable bounded A.

Lemma 6.1 (Homogeneous local estimate). For s > 2, a smooth solution of Paz = 0 on the
backward cylinder C,(xg,t0) = Br(x0) X (to — 12, to] satisfies

|2(z0, t0)| < C(n, 8, 8)r ™ |1z oo (28)

z0,t0))
Proof. By scaling it suffices to work on By x [~1,0]. Putm=n+1, ¢ = (1 — |z]?)(t + 1), n =™,
and v = nz. It vanishes on the parabolic boundary. At a positive global upper contact of v, a spatial
supporting affine plane dominates all earlier values. In particular it is nonnegative on the spatial
sphere, since v = 0 there. Consequently
v z

Dy| < —— Dz| < Cpp——

| v‘—1_|$’ | Z|— m1—|$|
at such a contact, where z > 0. Product differentiation gives Pav = 2Pan — 2ADn - Dz. Direct
differentiation of the cutoff gives

D —2/m
!PAnHle'_?L‘ < Co 2

8



For the time term use n%™/(t+1) = (1 — |z[?)2(t + 1) < 1; for spatial terms use 7%/ /(1 — |z])? < 4.
Thus on these contacts
(PAU)+ < szn172/m _ Cmvlf2/m22/m‘

Applying contact-set ABP, with M = sup vy, gives

1/(n+1)
M < CM1—2/m </(Z+)2(n+1)/m> ]
If M > 0, divide and use m = n + 1 to obtain M < C'||z4||;2. The cutoff is bounded below on
Byja x [=1/4,0]. Apply the same argument to —z. This proves the L? version, including the central
terminal point by continuity. Hélder on C,, whose volume is |B;|r", then gives (28) for every
s> 2. O

7 The expanding-annuli localization

Proposition 7.1 (Ball inverse implies maximum control). Suppose s > 2 and every smooth
admissible coefficient has the zero-boundary estimate

”ZHLS(BRXI) < KR’ HPAZHLS(BRXI) (29)

on all balls and all finite time intervals, with K independent of radius, time length, and coefficient
derivatives. Then for every finite p > s with p > p., the bounded causal whole-space potential of a
smooth source supported in By x (0,1) satisfies

0]l < C(n,6,5,p, K) |lgll s - (30)
Here coefficients are globally smooth with bounded derivatives.

Proof. First let g > 0, and extend it by zero before time zero. The bounded causal solution exists for
each fixed smooth coefficient by the classical parabolic theory, equivalently the time-reversed diffusion
representation. For evaluation at (z,t) the diffusion starts at = and has generator A(-,t —7) : D? at
elapsed time 7. It has no drift; bounded diffusion coefficients prevent explosion. Positivity and the
bounded-source comparison give

0<v<|gly, V= sup wv(z,t)< .
zeR",t<1

By stopping at first entrance into B;, where all source is supported, this supremum equals the
supremum over Bj x [0,1]. Indeed a path starting outside collects no forcing before entrance;
its remaining potential at entrance is bounded by that inside supremum. No maximum need be
attained.

Fix (zo,t0) in this latter set. Let r; = 4277, Choose smooth nonincreasing x, 1 : [0, 00) — [0, 1]
such that x =1 on [0,1], x =0 on [2,00), ¥ =1 on [0,1], and ¥ = 0 on [3,00). Take x constant
near zero, so the radial spatial cutoff is smooth. For ¢ < tg put

qj(w,t) = x <M> (0 (“?) : 95 = (¢j — 4j+1)9-

Tj ’I”j

Then gog = g at all relevant past times and 0 < g; < g. The support of g; has measure at most
Cnrj-v, lies in
Ba, (o) x (to — 3r7, to),



and avoids C,. j5(wo,to). The finite identity g = j]\/ialgj + qupg is exact in the past of tg. Its

corresponding causal potential identity is justified by linearity and bounded-solution uniqueness.
The remainder obeys
0 < vrem (20, t0) < 313 gl — 0, (31)

before any desired LP bound is used.
Write a =2 — N/p > 0, choose 0 < 3 < «/2, and choose K7 > 4 large enough that

8K 1
—_ < —,
1-2728 =2

Set Rj = K12%9r; and let 2; be the solution killed on B Rr; (o), with source g; and zero initial value
at tg — 47“]2-. The source is supported away from the spatial boundary and vanishes near the strip
bottom. The solution is homogeneous on er /2. Lemma 6.1, (29), and Holder on the source support
yield

-N
zj(z0,t0) < Cr; /SKR? g5l 15

i 2—N
< CKE22%92 NP lg) (32)

The condition p > s is used precisely in this last Holder step; equality p = s is allowed.
Let v; be the full causal potential of g;. Stop its reversed-time diffusion at exit from B, (o)
or at elapsed time 47“?. The stopped source integral is z;(xo,tg). At an exit the remaining g;
potential is at most V', because 0 < g; < g; at the strip bottom no source remains. For the trace-one
martingale,
E| X}, — xo|> = 2h.

The maximal inequality for the nonnegative submartingale |X; — xo|? therefore gives an exit
probability at most 87"]2- / RJZ. Hence

’Uj(.%’(], to) < Zj(iCo, to) + 8K1‘22_253V. (33)

This is a single stopped decomposition, not an assumed renewal series. The growing relative radius
makes its errors summable over all j.

Sum (32)—(33), use ||g;||;, < ||lgllz», and pass M — oo using (31). The source series converges
because a — 23 > 0, and the exit series is at most V/2. Thus

v(@o, to) < Cligllp» +V/2.

Taking the supremum over the forcing ball gives V' < 2C ||g||;,. For signed smooth g, positivity
bounds its potential by that of |g|. Smooth nonnegative majorants of |g|, supported in a fixed
slightly enlarged ball if necessary, converge uniformly and in LP. Bounded-source comparison lets
their potentials pass to the limit. The harmless fixed enlargement changes only structural constants.
This proves (30). O

Fix any p > max{p., nA}. In dimension two use the ball inverse at s = 2. In higher dimensions
choose
max{2,nA} < r < min{n,p},

which is possible because nA < n, p > nA, and p > p. > 2. Proposition 5.1 supplies the ball inverse
at s = r; Proposition 7.1 therefore gives the smooth maximum estimate at p. Fixing, for example,
the midpoint of this interval makes all constants depend only on n, 4, p.

10



8 Transfer to the exact measurable-coefficient class

Let A, u satisfy the target assumptions, and let p > max{p.,nA}. Extend A by I/n outside Q}; and
convolve with nonnegative smooth space-time mollifiers. The resulting globally smooth matrices
A; have bounded derivatives, satisfy (1) with the same ¢, and converge to A almost everywhere.
Symmetry, trace one, and the lower ellipticity bound are preserved by convexity.
Choose n, | 0 and set
Dm = Bl—nm X (nm7 1— nm)
On each fixed closed cylinder the original u;, D?u are bounded and continuous. Consequently
fi=u — Aj: D*u — f:="Pau in both L(D,,) and L"**(D,,)

by dominated convergence. In particular, this step never assumes integrability of the original
derivatives on all of Q1. Choose gj € C2°(Dm) with || f; — gjll 1o(p,.y + 1fi = gill pnsr(p,,) = 0. Let

vj be its whole-space causal potential for A; on the strip (1;,,1 — 1), extended by zero before the
initial time. The smooth maximum estimate gives, uniformly in m, j,

loslloe < Cn6.9) 1950 -

The unit strip version applies after extending the source by zero; its support remains in By x (0, 1).

Apply (27) to both signs of u — vj on Dy,. This is legitimate for its stated local C*! regularity
by the local mollification extension of ABP. Set by, = supy, . p,, |u|- The artificial boundary values
of u — v; have magnitude at most by, + [|vj||,, so

HUHLOO(Dm) < bm +2C ngHLp(Dm) + Capp || f5 — ngL"+1(Dm) .

Let j — oo, then m — oco. Uniform continuity of u on @ and its zero initial and lateral values
imply b, — 0: compare the artificial initial face with time zero, and the artificial side with its radial
projection onto dB;. Continuity also recovers any maximum at time one. This proves (2) in exactly
the original class and finishes the upper-bound part of Theorem 1.1. The argument transfers an
estimate; it does not assert a new measurable-coefficient classical existence theory.

9 Sharpness, including both endpoints
Lemma 9.1 (Heat scaling and its endpoint). Every 1 <p < (n+ 2)/2 is excluded, with A; = I/n
and uj € C°(Q1) normalized to have mazimum one.

Proof. Choose a smooth 0 < <1 on R" x R, supported in {|y| < 1, |¢| < 1} and equal to one on
{lyl <1/2, |t| <1/4}. Put to=1/2, r; =477 and

Yz, t) :@b(ar/rj,(t—to)/rjz-), L=0,—A/n.

Each cutoff is compactly supported in @1 and equals one at (0,%p). The support of the next cutoff
lies strictly inside the preceding plateau, so the supports of L); are pairwise disjoint. Scaling gives

+2-2
1Ll =i IILILs -

For p < p. take u; = v;. At p = p. take up = M1 ij\il ;. Its maximum is one, and disjointness
gives
ILunt |5 = M| L[5 — 0.

Since I /n > 01 and has trace one, these are examples in the exact coefficient class, with all prescribed
boundary values zero. O

11



Lemma 9.2 (Radial obstruction and its endpoint). Every 1 < p < nA is excluded by smooth
coefficient fields and classical functions satisfying exactly the required parabolic boundary condition,
again normalized to have maximum one.

Proof. Write d = 1/A, so 1 <d < n. Fix 0 <7 < 1/16 and choose a smooth radial function a,,
with values in [1/n, A], equal to 1/n on [0,n] and to A on [27,1]. Set
_ 1—aqy

by=——"  Ay@) = (e @e by (I —e @),  r=lz]>0,

and A, (0) = I/n. It is smooth at zero because it is constant there; it is symmetric, trace one, and
every eigenvalue is at least 4. On radial functions its generator is

1—
Lyv = anv” + " Y
r
Define positive m,, and u, by
m;7 1 —ay () d—1 ( >2) My
— = , my(r) =1 r>2n), = —L.
My a,r K 1 Hn a
This normalization is consistent because (1 — A)/A =d — 1. Then
L _ 1 N/
pU = —(myv’)’. (34)
Hn

Since (1 — ay)/a, > d — 1, integration towards zero yields
1
my(r) < rd=t fin (1) < nrd=1, W, = / py dr < n/d.
0

For r > 27, the exact formula is p, = r4=1/A. Near zero my, is a constant multiple of L
Take a nonzero smooth nonnegative radial f,, supported in 27 < r < 1/2, and solve

(Uﬂ)t - Lﬂvﬂ = fna Uy = 0 on apaurCQI-

For each fixed n this is a smooth uniformly elliptic Dirichlet problem. Its source vanishes near the
lateral boundary, so the initial/lateral corner compatibility conditions hold. Classical existence gives
vy € C(Q1) N C*1(Q1), and the maximum principle gives v, > 0. Uniqueness makes it radial. No
derivative estimate uniform in n is used.

With ¢(r) =1 —r?, put

1 1 1
Upy(t) :/0 Uy Ppiy dr, Vi (t) :/0 Uy dr, F, :/0 Jn@p dr.
Trace one gives L,¢ = —2. The self-adjoint identity from (34) yields
U, = F, =2V,
Its boundary term is [mn(qw;7 — ¢'vy)]§. At one both functions vanish; at zero smooth radiality

gives v, = O(r), ¢' = O(r) and m,, = O(r"1), so the term vanishes. The time-zero limit is justified
by continuity and W, < co. If M,, = maXg- vy, integration from zero to one gives

1
F, = U, (1) + 2/ V,(t)dt < 3W,M, < (3n/d)M,.
0
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Thus M, > 0, and u, = v,/M, satisfies

3n ”f??”LP(Bl)

max fuy| =1, [Paunll g, < 3 (35)
For p < n/d, choose a fixed nonzero nonnegative x € C2°((3,4)) and set f,(r) = x(r/n). Then
Fy > e, 1ol Lo (1) = Cyp™'?.

The ratio in (35) tends to zero. At p = n/d, take smooth cutoffs so that

Folr) = r790(r /0)C(r),
where § = 0 on [0,3], 0 =1 on [4,00), ( =1 on [0,1/4], and ¢ = 0 on [1/2,00). This is smooth,
being zero near the origin. The exact speed measure gives

n/d
Fy=clog(1/n), | fallptags,, < Clog(1/n).

Hence the normalized residual is at most C[log(1/n)]%"~! — 0, since d < n. O

The two lemmas exclude the union of [1, p.] and [1, nA], namely [1, max{p., nA}], including its
endpoint. The upper proof established every larger finite exponent in exactly the prescribed class.
This completes the proof of Theorem 1.1.

Analytic dependencies and verification

The only nonlinear elliptic inputs are the strictly positive Dirichlet solvability theorem and the
stated Hessian Sobolev inequality. The new matrix inequality, the Mellin cancellation, convex source
splitting, and all boundary flux signs have complete proofs above. Other standard tools are classical
smooth linear parabolic solvability and positivity, the maximum principle, the area formula, and
the stopped diffusion representation for smooth bounded uniformly elliptic coefficients. The last is
used solely in the expanding-annuli localization, with its exit probability explicitly estimated by the
trace-one second-moment identity.

In particular the proof does not invoke a coefficient-uniform classical existence theorem for
measurable coefficients, an unidentified critical Green-function integrability theorem, a fractional
Hessian operator, or an unproved interpolation equivalence. Measurable coefficients and the exact
locally classical test class enter only through the explicit interior approximation and ABP residual
comparison.

This is an ordinary written mathematical proof, checked through separate reconstructions of its
algebraic and analytic interfaces, including independent language-model audits. It is not a formally
certified proof.
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